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1 Summary

This research is a collection of methodological studies to model infectious diseases,
motivated and illustrated mainly by problems linked to bovine paratuberculosis. Bovine
paratuberculosis (PTBC), caused by Mycobacterium avium subsp. paratuberculosis (MAP)
negatively impacts milk yield, health and reproductive parameters on both individual and
herd level. PTBC is spread worldwide and causes substantial economic losses. Accurate
information on disease prevalence is crucial to choose and implement appropriate control

measures, to reduce harm and limit spread.

There is no standard method of screening for PTBC, which makes it challenging to detect
the infection and to quantify the proportion of infected animals on a farm. Due to false
negative and false positive test results, there can be marked differences between apparent
prevalence (AP) calculated from diagnostic test results and the true, underlying disease
prevalence (TP). Relying solely on diagnostic tests can be misleading and leads to flawed
management decisions. To determine more accurately the level of infection, the apparent
prevalence needs to be corrected for test sensitivity, specificity and other unit-specific data.
Legacy methods use hierarchical models and Bayesian methodology to estimate the mean
herd-level true prevalence (HTP) or the conditional within-herd true prevalence (CWHP) in
a region but fail to consider the intrinsically different animal subgroups within herds. My aim
was to fill this gap by introducing and describing a modeling framework which provides

relevant herd- and subgroup-level prevalence estimates.

Based on legacy methodology, | introduced a novel framework for hierarchical data; the
Distribution based Marginalized multilevel models (DMMM). DMMMs are a special case of
Marginalized multilevel models (MMM). MMMs allow to model conditional and marginal
means within the same framework. Additionally, in DMMMs, the link function for the
conditional means is chosen so that the probability distribution of these means belongs to
a given parametric family. This creates a natural link between the conditional and the
marginal components. The model incorporates a Gaussian copula construction to model
the joint distribution of subgroup means. This approach allows for simple and flexible
control over both the marginal and conditional mean and dispersion measures. Besides
allowing for a direct, distributional representation of subgroup level prevalences, this

approach is also convenient to use as a basis for the calculation of further measures.

The new framework was applied to estimate the true prevalence of PTBC in dairy herds in

Hungary. | used a Bayesian approach to incorporate both current data and prior knowledge



into the final estimates. The DMMM framework allowed modelling groups of primiparous
and multiparous cows as correlated subgroups. | estimated both the mean and median
conditional within-herd true prevalence (CWHP) and calculated other measures
characterizing the interrelation of the two subgroups. The use of the new methodology
along with a more recent and uniquely large dataset and historical priors confirmed and

also refined the results of the latest PTBC screening in Hungary.

Nowadays, Bayesian methodology is widely accepted in veterinary science to model the
prevalence of infectious diseases. | gave the Hungarian veterinary community an overview
of how Bayesian methodology works and introduced its key concepts. The concept, method
and interpretation of the results were illustrated by modelling the within-herd prevalence of
PTBC infection in individual dairy cattle herds. | built our model on the national results
incorporated as prior distributions. | provided international context for the analysis by
integrating prior information from diverse regional studies together with region specific
synthetic data. | also set up an easy-to-run applet providing prevalence estimates and

visuals for practitioners.

Understanding the difference between the apparent and true prevalence and estimating
the latter is essential in the quantitative analysis of infectious diseases. Our novel
methodology, the DMMM, in synergy with a Bayesian approach, provided relevant herd-
and subgroup-level prevalence estimates which help practitioners better assess the

infection status and shaping adequate control measures.

Survival analysis is a method to analyze time-to event data. It has its roots in human
medicine and evolved in parallel with the proliferation of patient registries, which are rich
data sources ready to be exploited. With technological advances, tracking data is now also
available in veterinary medicine, it is therefore important to familiarize veterinarians with
this versatile methodology. | presented the basic concepts and methods of survival analysis
to Hungarian veterinary community, along with examples analyzing the impact of PTBC
infection on culling times in dairy cows using conditional and marginal models. To pair my
doctoral work to my research in human epidemiology, | co-authored a human study where
| analyzed the impact of herpes zoster on dementia using survival analysis. The
distinguishing feature of this study was the use of a special conditional modeling approach
which could be adapted to veterinary problems. As a sequel to this study, | extended the
analysis of the impact of PTBC infection on culling times using the above approach, which

represents a novel contribution to veterinary research.



2 Introduction and aims of the study

2.1 Significance of the study

To assess the prevalence of infectious diseases various diagnostic tests are used. These
tests are used to calculate the apparent prevalence, i.e. the proportion of test-positive
cases, which may differ greatly from the true prevalence due to the possible occurrences
of false positive and false negative cases. Using the apparent prevalence (AP) as base for
herd management decisions can be highly misleading. However, this measure can be
corrected using the method of Rogan and Gladen [1] to obtain the true underlying

prevalence.

Animal groups as economic units imply a hierarchical data structure. Both conditional and
marginal models are available to accommodate hierarchical data. Marginalized multilevel
models (MMM) combine the advantages of these two approaches, while allowing for a

likelihood-based estimation [2].

The true prevalence of the investigated disease can be estimated using a Bayesian
approach. Hanson et al. [3] proposed a hierarchical model to estimate the true infection
prevalence in the herds of a region. Branscum introduced a hierarchical model to estimate
the mean herd-level true prevalence (HTP) of a region, which is a proportion of herds with
at least one infected cow. To date, a large number of studies estimated the HTP and the
conditional within-herd true prevalence (CWHP) of different infectious diseases using the
above-mentioned frameworks. To my knowledge there was no method that would have
allowed researchers to model animal subgroups as correlated factors providing both

conditional and marginal estimates.

Thus, the aim of the research was to develop biostatistical models providing new insight
into the interrelation of subgroups. | introduce a new framework based on legacy methods,
the DMMM, and illustrate its merits by the application to PTBC prevalence modelling in
Hungarian dairy cattle herds. To further broaden the modelling toolbox for veterinary data,
| aimed to adapt a survival analysis approach validated in human epidemiological research.
The adapted methodology has legitimacy in the veterinary field due to the growing numbers

of so far unused electronic data records with time-to-event data.

As illustration for the methodological novelties, | used data on PTBC infection of dairy cows.
PTBC, caused by Mycobacterium avium subsp. paratuberculosis (MAP), is a globally

widespread cattle disease. The true prevalence of PTBC infection in Hungary was



estimated only once by Ozsvari, Lang et al. [4] on a limited dataset. The results indicated
a high herd-level (89.1 %) and a moderately high median animal-level true prevalence
(primipara: 4.4 %, multipara:10.3 %). The trend of increasing herd sizes globally [5] and
the parallel increase in PTBC risk [6—8] highlight the need for further research in the field.

2.2 Aims of the study
The aims of this study were:

- to develop biostatistical models providing easily interpretable marginal and
conditional estimates for subgroup means and new insight into the interrelation of

subgroups,

- to illustrate the use of the new framework by modeling the prevalence of PTBC
infection in Hungarian dairy cattle herds, and to consolidate previous findings using

a recent, extensive dataset and historical priors,

- to model the PTBC prevalence of individual herds both in Hungary and
internationally and providing rule of thumb for the simple estimation of true

prevalence.

- to explore a conditional modelling approach in survival analysis from the field of
human epidemiology which has not been previously applied in veterinary science and

adapt it to analyze the impact of PTBC seropositivity on culling times in dairy cows.



3 Literature review

3.1 The notion of prevalence

The prevalence of an infectious disease is a fundamental measure in epidemiology. The
frequency or proportion of affected animals reflects the burden of the disease in a
population, at a given time and place [9]. This measure also serves as a base for estimating
the economic impact of the disease and provides context for appropriate decision making

to control and monitor the infection.

A device that reduces the uncertainty about the presence of disease is called a diagnostic
test [10]. The sensitivity (Se) of a diagnostic test is the probability that a subject with the
disease will test positive, whilst the specificity (Sp) is the probability that the test will give a
negative result for a subject without the condition. A test is imperfect if either the sensitivity
or the specificity is less than one. In practice, all diagnostic tests are imperfect. Imperfect
tests are prone to both false positive and false negative results, with probabilities 1—Sp and
1—Se, respectively [11]. The proportion of positive cases measured by such tests is called

apparent prevalence (AP) which can differ markedly from the true prevalence (TP).

3.2 Estimation of prevalence

When a diagnostic test is applied to a random sample of subjects, the standard way to

estimate prevalence is

number of positive cases in the sample (3 1 )

= number of all cases in the sample
Due to the imperfection of the test, the estimator (3.1) may be biased [11]. The relationship
between the apparent prevalence (expectation of &) and the true prevalence (r) is linear,

and given by the following equation [1]:

AP =E(@) =Sexn+ (1—Sp) * (1 —m). (3.2)

To express the accuracy of the estimate, authors usually provide confidence or credible
intervals (Cl, Crl). Cls are often provided for the unadjusted measure, the apparent
prevalence, implicitly assuming that both the sensitivity and the specificity of the test is 1.
The Wald method, which is the simplest asymptotic method, is widely used. Wilson's score
method or the exact Clopper—Pearson method are also popular for the calculation of the

confidence limits [12]. A naive method is adjusting the apparent prevalence using the

10



Rogan-Gladen formula [1], and then calculating a Cl with the adjusted prevalence as if that
were observed directly. However, this procedure provides incorrect Cls, with actual

coverage at a nominal 95% level can be as low as 60%, even for large samples [12].

There are correct methods to construct Cls adjusted for sensitivity and specificity. An
asymptotic method based on Wald method is presented by Rogan and Gladen [1].
Reiczigel et al. [12] propose a way to calculate exact confidence limits assuming sensitivity
and specificity are known. This method is applied for example by Lang et al. [13] for
estimating the true prevalence of BHV-1 infection. Lang and Reiczigel [14, 15] present a
method of constructing approximate confidence intervals for the true prevalence when
sensitivity and specificity are inferred from independent samples. The risk ratio, the risk of
disease in a study population relative to a reference population, should also be estimated

accounting for the imperfect diagnostic test [16].

Since estimates of diagnostic sensitivity and specificity may vary among populations and
subpopulations of animals depending on the distribution of influential covariates [10],
complex models are needed to match the target conditions and test methods. For example,
in the case of the milk ELISA test for the diagnostic of PTBC, Meyer et al. suggested the
use of a model with age-specific specificity and constant sensitivity. The target condition
was the MAP-infected cow in which a humoral response would become detectable during
the economic life of the cow [17]. They considered a non-linear logistic regression model
of Nielsen [18]:

logit(Se(t)) =a—bxe . (3.3)

The parameters a, b and ¢ were estimated from a large number of samples. Here, a is the
upper limit of the logit of the sensitivity when age increases, b is a scaling factor, c is the
coefficient for the decay of age effect, and t is the age of the animals at the time of
diagnosis, measured in years. The age-specific sensitivity takes into account both the
probability that an infected cow will excrete detectable levels of MAP antibodies in the milk

and the intrinsic characteristics of the ELISA milk test.

3.3 Bayesian models for prevalence estimation

Bayesian models have become widespread in veterinary science in recent years [19, 20].
The main appeal of this approach is that both current data and prior knowledge — such as
the result of previous studies, experience, expert opinions, or empirical evidence — can be

incorporated into the final estimates in the form of priors. Priors are probability distributions
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formed based on prior knowledge and are updated in the light of new data to produce the
final estimates. Moreover, these models are able to accommodate small sample sizes and
account for the misclassification of animals arising from the imperfect accuracy of existing
diagnostic tests [21-23], making them an appropriate tool for modeling disease prevalence.
Bayesian methods are widely used to estimate animal- and herd-level prevalences [24, 25]

and to substantiate freedom from infection [26].

First in its field, Hanson et al. [25] proposed two Bayesian models to estimate the infection
prevalence in a single herd based on the result of an imperfect diagnostic test. The first
model assumes that screened animals are drawn from a finite population, thus the
distribution of the number of truly infected subjects, conditional on the number of infected
animals in the whole herd, follows a hypergeometric distribution. A simpler approach would
be assuming independent infection status; thus, the number of test-positive diseased and
test-positive non-diseased subjects would follow binomial distribution regardless of the
herd size. The model consists of only three parameters: the Se and Sp of the test and the
true prevalence m. The prior probability that the herd is infected is provided by an expert —
e.g. as the proportion of infected herds among herds with similar size and similar herd
management practices in the area. Alternatively, one can use a beta distributed prior to
reflect a plausible range for the infection probability. The uncertainty of sensitivity and

specificity is also modeled using independent beta distributed priors.

Hanson’s second model assumes that the herd is infinite but provides an algorithmically
more efficient and yet accurate approximation to the first model when the herd size is much
larger relative to the number sampled. In this case the number of test-positive animals (y)

follows an approximately binomial distribution:
y|m, Se,Sp~Bin(n,nSe + (1 — m)(1 — Sp)). (3.4)

To set up the Bayesian model, we need to define prior distributions for model parameters.
As previously, Se and Sp are modelled using independent beta priors. For infection

prevalence, Hanson proposes to use a mixture distribution:
m ~Beta(a,, by), with probaility T,

T=0 with probability (1 — 1), (3.5)

12



T being the probability that the herd is infected, i.e. there is at least one infected cow in the
herd. T may be modelled using beta distribution or set as constant. Beta distribution is also

suitable to model infection prevalence provided that P(r = 0) = 0 [27].

To estimate the herd-level prevalences (HTP) in a region, Branscum et al. [24] proposed a
hierarchical model. This model allows to estimate the prevalence distribution of herds, the
probability that the region is infection-free and the predicted probability that a randomly

selected herd in the region is infection-free.

Branscum et al. [24] considers a two-stage cluster-sampling design, i.e. K herds are first
sampled randomly from the region, and subsequently n; animals are sampled randomly

from herd t.

It is assumed that the number of test-positive animals from each herd y;,vy,,...,yx are

independent and follow a binomial distribution:
Vel e, Se, Sp ~ Bin(ng, meSe + (1 — ) (1 — Sp)). (3.6)

As usual, independent beta priors are used for Se and Sp. Similarly to the method used for

single herd, prevalences are modelled with a mixture distribution:

ntlu,lp~Beta(w/J, Y(l - u)) with probaility T,

Ty =0 with probability (1 — 7). (3.7)
T ~ Beta(a,, b;) with probability y,

=0 with probability 1 —y. (3.8)
u~ Beta(aﬂ, bﬂ). (3.9)
Y ~ Gamma(ay, by), (3.10)

where u is the average prevalence in the population and y is its variability measure, so that
the variance of the beta distribution is 02 = u(1—w)/(y +1). Larger values of y
correspond to less heterogeneity in the data. This parameterization was proposed by

Hanson et al. [25].

13



McAloon et al. [28] applied this methodology to estimate HTP of bovine PTBC in Ireland.
They used slightly different notations, introducing the term conditional-within herd
prevalence (CWHP) to denote the animal-level prevalence in herd i (i = 1 to n, n is the
number of herds sampled in the region), conditional on the herd being infected. Their main

model is as follows:
npos; ~ Bin(AP;, nherd,), (3.11)

where nherd; is the count of animals in herd i, npos; is the count of test-positive animals in

herd i and AP; is the probability that an animal tests positive in herd /.
AP, =m; X Se + (1 —m;) X (1 — Sp), (3.12)

m; denotes the animal-level true prevalence in herd i, which is represented as the product
of herd-level true prevalence (HTP; with mean i) and the conditional-within herd prevalence
(CWHP;). The latter is the animal-level prevalence in herd j, conditional on the herd being

infected and
T; =HTPLXCWHP1 (313)

McAloon et al. [28] defined a Bernoulli prior for HTP;, beta priors for Se, Sp, CWHP; and

beta hyperprior on the u parameter of the Bernoulli distribution.

Branscum et al. [29] elaborated on Bayesian beta regression models allowing for

incorporating covariate information while estimating prevalence. Their model is
Yilui, y~Beta(uy, y(1 — 1)), (3.14)
i = u(x;) = F(x{B), (3.15)

where y; are the outcome variables in the model, B is the vector of regression coefficients,
x; are the covariates. The prior distributions of B and y are independent. The beta
distribution is parameterized in terms of its mean u and precision y. The inverse-link
function F can be any continuous cumulative distribution function. This model also allows

for non-constant variance.

As the Bayesian methodology for prevalence estimation has become more sophisticated,
veterinary applications also emerged, with numerous publications estimating the

prevalence of a wide range of infectious diseases worldwide including PTBC. A frequentist
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approach was still used to model the PTBC prevalence in dairy herds in the Netherlands
[30] and in a review on prevalence of paratuberculosis in European farm animals [20]. Since
2011, papers implementing the Bayesian latent class framework proposed by Branscum et
al. [24] were abundantly published [31-34]. After the publication of McAloon et al. [28],
applications took up his methodology [4, 35, 36].

Ozsvari, Lang, et al. [4] were among the first to apply this model to dairy herds in Hungary.
As an additional feature, they introduced herd level random effects using a logistic model

for CWHP. The model treated primiparous and multiparous cows as separate subgroups.

3.4 Marginalized multilevel models

Coupled with Bayesian methods, marginalized multilevel models (MMM) provide an
appropriate framework for prevalence modeling. Heagerty and Zeger [2] proposed the
marginalized multilevel model (MMM) framework to analyze clustered data. Y;; is the
response variable for the j-th observation in the i-th cluster and X; is the vector of cluster-
specific covariates. In this model, the population mean, which is the marginal expectation
u?} = E(Y;|X;) is directly linked to explanatory variables x;; using a generalized linear
model (GLM). g is the link function for the marginal mean and a™ is the vector of marginal

parameters. The so-called “mean model” component is as follows:
guij) = x;ja™. (Mean model, 3.16)

The second component, the “conditional” or “association” model describes the within-
cluster associations using a non-linear mixed model (NLMM) conditioning on a cluster-
specific vector of covariates X; and on a cluster-specific vector of latent variables a; with
covariance matrix D. The conditional expectation yfj = E(Y;1X;, a;) is linked to 4;; + z;a;
with the same link function g as in the mean model. Here z;; are known covariates
associated with the random effect a; . 4;; depends both on covariates, marginal parameters

and random effects and connects the marginal and the conditional models. The association

is described by:
g(#icj) = 4;; + z;5a;. (Association model, 3.17)

The model assumes that the distribution of a; is completely specified by the parameter qa,

and that the distribution of conditional observations Y;; = (V;;|X;, a;) follows an exponential

distribution family Fyc with mean and dispersion parameters yfj and v.
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a; ~ F,(0,D) (Latent effects distribution, 3.18)
Y ~ Fye(uij,v) (Conditional Response Distribution, 3.19)

Griswold et al. (2013) relaxed the usual MMM assumption that marginal and conditional
link functions are identical. The new framework also allows for nonlinear effects both for

the mean and for the conditional components.

um™ = h,, (0™) (Mean model, 3.20)
U =h (0™ 9,a) (Association model, 3.21)
a~F,®Q) (Latent effects distribution, 3.22)
Y¢ ~ Fyc(ut,v) (Conditional Response Distribution, 3.23)

In this model h, and hc are the inverse-link functions (the inverse of original g) for the
marginal mean and the conditional mean, respectively, 8™ is a parameter vector upon

which the marginal mean depends, ¥ is the parameter vector for latent effect distribution.

This reformulation sheds light on the connection between marginal and conditional models
and allows us to construct marginal models through conditional specifications. The
computing solutions already in place used to estimate mixed models are also suitable for

estimation of the reformulated model.

MMMs incorporate the familiarity, robustness and interpretability of a marginal mean
model, while retaining flexible dependence structures and likelihood-based inference from
conditional models. However, it is important to note that, as the inverse link of the
conditional mean u€ is strictly monotone increasing, e.g. as in classical generalized linear
mixed models, the rescaled fixed effects h.( 0™, 1, (0,0,...,0)7) is equal to the marginal

median, rather than to the marginal mean.

3.5 Survival analysis

Survival analysis is a widely used method, the foundations of which were laid in the mid-
1950s. Originally, as the name suggests, it was developed to analyze the risk of mortality,
but it can be used to study the time to the occurrence and the risk of any events. Time-to-
event data are data series in which each observation unit (e.g. patient) has a follow-up time

and a status indicator that indicates whether the event of interest occurred by the end of
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the follow-up time. A distinct feature of time-to-event data is that in some of the
observations the event does not occur during the studied period or during the period when
the individual can be observed. In such cases, the exact time of the event is unknown and
only a lower bound for the time of occurrence can be given. This feature of survival data is
called censoring, and such data are called censored data. Unlike standard regression
models, survival analysis accounts for censored data. Two key functions describe time-to-
event data: the survival function which represents the probability that an individual survives
beyond a given point in time; and the hazard function representing the instantaneous risk
of the event occurring at a time point t, given that the individual has survived up to this time
[38—40].

The Kaplan-Meier method [41, 42] or life tables [43, 44] can be used to estimate the survival
function with a confidence interval. The Kaplan-Meier curve can be thought of as a visual
summary of the data. It can be used, for example, to calculate median survival times,
probabilities of survival over time, or to visually compare the survival experience of
experimental groups. The log-rank and Gehan-Wilcoxon test [38, 42, 45, 46] serve to

compare the survival experience of two or more groups.

Besides non-parametric methods, various semi-parametric and parametric methods are
used to explore how different factors affect survival times. In parametric analysis, survival
times are assumed to follow a parametric distribution, from which the survival function can
be derived. The most commonly used parametric models for survival time assume
exponential, Weibull or lognormal distribution [47]. The Cox proportional hazard model is a
semi-parametric model, that starts from a parametric regression model but makes no
assumptions about the distribution of survival times. It is used to estimate the relative risk
(hazard ratio) of an event in two or more groups. In contrast to the log-rank test, it not only
provides information on the fact that survival differs between groups but also provides an
estimate of the magnitude and direction of the effects. This model assumes that the hazard

ratio remains constant over time [48].

3.6 Bovine paratuberculosis

PTBC, caused by Mycobacterium avium subsp. paratuberculosis (MAP), is a disease that
affects ruminants, widespread both worldwide and in Hungary. The infection affects more
than 50% of dairy farms globally [49]. The average animal-level prevalence ranges from
2.7% to 15% in farmed animals in Europe [20], while in Hungary, Ozsvari, Lang, et al. [4]
reported an animal-level true prevalence of 4.4% and 10.3% in primiparous and

multiparous cows, respectively. The average apparent animal-level PTBC prevalence in
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Hungary based on serum ELISA was estimated to 8.3% [50]. A recent study showed that
on Hungarian farms with no measures in place to control paratuberculosis, the

seroprevalence increased by 12.1% per year on average [51].

3.6.1 Epidemiology of PTBC

The infection typically progresses slowly, has a long incubation period, with around 95% of
infected cattle in subclinical stage and only 5% displaying clinical signs. Both the clinical
and subclinical stages of PTBC infection cause substantial economic losses, but the
subclinical stage is economically more influential, as at this stage the animals do not show
obvious symptoms but the negative impact on production is already present [52]. Infection
with MAP negatively affects the slaughter weight of cattle and, through the deterioration of
meat quality, the slaughter value [53]. MAP seropositive cattle also have significantly higher
culling and mortality rates compared to seronegative cattle [52, 54-56]. The infection has
a detrimental effect on milk yield and significantly increases the somatic cell count [52, 55,
57-59]. Additionally, the reproductive performance of MAP seropositive cattle is
significantly worse than that of their MAP-negative counterparts, with an increase in time
from calving to conception, time between calving, and a decrease in the insemination index
[52, 55, 58-60]. In a large-scale dairy farm, the fertility index of MAP seropositive cows
increased by 2 compared to MAP-negative cows, a difference that cost the farm millions of
euros per year in additional costs due to the increased amount of semen used [52]. The
economic loss due to MAP infection is estimated at an annual $198 million in the US dairy
industry, $75 million in Germany and $56 million in France [61]. Trade restrictions, aimed
at limiting the transmission of the disease, negatively impact international and national
animal trade. Furthermore, several studies have shown a possible association between
MAP and Crohn’s disease and other autoimmune diseases in humans [62—64]. The trend
of increasing herd sizes globally [5] and the parallel increase in PTBC risk [6—8] highlight

the need for further research in the field.

The main route of transmission of the infection is fecal-oral, but in-utero infection and
infection by semen can also happen [65]. Typically, the infection starts in the early neonatal
period via colostrum, bulk colostrum or from the contaminated environment [66, 67]. The
resistance to MAP progression increases with age [68]. It is hypothesized that in young
calves the openness of the gut is a portal for the bacteria, and the immaturity of the immune
system also contributes to the high susceptibility to the disease. However, cattle can also
become infected at a later age due to high infection pressure [67]. In addition to the age of

the cows, genetics is also likely to influence susceptibility to MAP infection [69]. Evidence
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suggests that the main portal of entry for the pathogen is the ileum. The intrusion triggers
a strong cellular immune reaction. Although macrophages attempt to destroy MAP, the
bacteria are capable of surviving intracellularly, so this defense mechanism does not

always succeed, resulting in infection [70].

Progression of the disease is often associated with a shift from a predominantly cell-
mediated immunity to a predominantly humoral immunity [71]. Cell-mediated immune
response may be absent in clinical cases. Serum antibodies may also be present in animals
that have recovered from the infection [72]. As the disease progresses, infected animals
are also increasingly likely to become infectious via shedding of MAP or via in-utero

transmission [73].

Four clinically distinct stages of the infection have been described [67, 70, 74]. Stage | is
characterized by the absence of clinical signs, no measurable effect on production and no
detectable antibody response. Nevertheless, low-level shedding of bacteria may occur, and
the infection is already extensively disseminated in tissues already at this stage. Stage |l
starts when the concentration of MAP in the intestinal tissues is high enough to trigger
inflammatory response and consequential histological changes are already present.
Animals in this stage have no clinical signs but may shred MAP intermittently in medium
concentration, thus representing a source of infection. Milk production and reproductive
efficiency are also affected [54, 75], and dissemination of MAP to other organs may occur.
Antibody response can be intermittently detectable. The length of this stage can vary highly,
depending on several factors (age at infection, dose, re-infections, infection pressure,
stressors, nutrition, overall health). The length of the subclinical stage (|, Il) varies from 1-
10 years. In stage I, the clinical disease begins, animals lose weight, have loose manure,
shred high concentration MAP, the infection is disseminated, all diagnostic tests are likely
to become positive. Stage IV is the final stage of the disease and is characterized by
chronic, profuse diarrhea. Animals are weak and emaciated and their condition is rapidly
deteriorating until death from dehydration and cachexia. Animals in stage IV shed massive
amounts of MAP in their manure. Transition from stage Il to IV can occur rapidly [67, 70,
74].

As MAP is an intracellular pathogen, the role of the antibodies has long been
underestimated. Recent studies showed protective role of antibodies in the infection of
macrophages in vitro and in vivo in the cattle. In an ileal short-term loop model, antibodies

from infected cows reduced MAP invasion and early histological changes [76].
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3.6.2 Detection of MAP infection

Direct and indirect methods exist to detect MAP infection. Indirect methods, which detect
host antibodies rather than the pathogen itself, are well established for testing milk or
serum. Milk and serum ELISA are commonly used, as they are cost-effective and provide
rapid results. In addition, milk ELISA is non-invasive and can be performed routinely and
conveniently [70, 77]. Numerical ELISA test results (S/P ratios) are classified into negative
and positive categories according to predefined cut-offs. To avoid excessive false positive
results, the cut-off of MAP ELISA is calibrated to favor specificity over sensitivity [78]. MAP
ELISA specificity is high (98%-100%), its main disadvantage is the low sensitivity (15% for
milk ELISA) in the early stages of the infection due to the delay in the appearance of
antibodies [79]. The sensitivity depends on the stage of the infection, on the stage of
lactation and on the age of the animal, reaching 90% in clinically affected cattle [80]. Milk
ELISA results are correlated with fecal shedding. In a study from Beaver et al. [81], all milk-
ELISA positive cows tested positive on fecal culture. The contrary was not true, suggesting
the necessity of a lower S/P threshold to identify infectious animals. Bulk milk ELISA value
is associated with season of sampling — with peak in the summer and low concentrations
in the winter — and with the absence or presence of protocols for managing MAP-positive

cows [82].

Direct methods detect the presence of the organism itself. Fecal culture and fecal PCR are
examples of routinely used direct tests. These tests allow earlier detection of subclinical
cases as fecal shedding usually starts when antibody response is not yet detectable. The
sensitivity of these methods is around 60%. Direct methods are more expensive than
ELISA, and culture has a much longer turnaround time [70]. Both methods are prone to
false positive results from non-infected cows shedding only microorganisms consumed by
the animal. This is called passive shredding. This is a rather rare event, the specificity of
both culture and PCR is as high as 99% [83].

In terms of susceptibility and detectability of MAP infection, the age of the animal is a crucial
factor. Susceptibility to MAP infection decreases with age, and animals infected during
adulthood exhibit lower levels of MAP excretion in the faeces. [68]. However, older cows
infected as a calf have a higher detectable infection level due to the progression of the
disease toward stages with higher antibody production and more intensive shedding [70].
According to Nielsen [18] and Meyer [17] the sensitivity of the tests is age-dependent, i.e.

the accuracy of the tests increases with age.
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Although humoral immunity can be detected as early as 10 to 17 months after experimental
infection, testing before 2 years old was typically not recommended. However, recent
studies have contradicted these findings. With experimental diagnostic methods,
researchers were able to detect antibodies as soon as 2 weeks to 4 months from the
challenge. Using commercial serum ELISA test, 42% of experimentally infected calves had
at least one positive test result before 17 months of age. Dose-dependent antibody

response was detected soon after inoculation [84],

Given the delayed antibody response and the limited sensitivity of tests, repeated testing
is advised over the productive lifetime of the cows. Still, interpreting serial test results has

its own challenges [73, 85].

In a recent study using Hidden Markov Chains from Glover at al. [73], four latent stages of
infection were identified based on the S/P ratios of milk ELISA tests, one stage with S/P
values under the conventional test-positive cutoff value. Animals at this stage are at high
risk to transition to the conventionally positive group. Identification of these animals could

be used to make control programs more effective.

The choice of the appropriate testing method depends on the infection prevalence of the
herd and on the purpose of testing. To estimate the biological burden, environmental testing
and pooled fecal culture are appropriate. The diagnostic test of choice in the control
program in herds with known high prevalence should be individual ELISA testing, and in
low prevalence herds practitioners should choose direct testing methods given that the
positive predictive value of ELISA is low in this setting. If the goal is the quick eradication
of infection, individual fecal culture or PCR should be performed. A clinical diagnosis of an
individual animal in an uninfected herd can be confirmed by necropsy, fecal culture or PCR,
while ELISA testing can also be sufficient if the herd is MAP-positive [67, 70, 77, 83]. The
control of paratuberculosis in cattle has three main cornerstones: preventing new
infections, managing infected cattle and improving resistance. Decreasing the exposure of
young replacement stock to MAP is a basic step in prevention. Biosecurity measures are
separated calving area and calf rearing, feeding MAP-free colostrum and eventual
chemoprophylaxis of neonatal calves. New purchases and bulls should be repeatedly
tested for MAP, but introducing new animals to the herd still represents a risk, as testing

cannot rule out infection at early stages [50, 70, 86, 87].

The implementation of test and cull strategy depends on the infection prevalence of the
herd and the goals of the management. All positive animals may be culled or only the ones

considered the most infectious. If positive animals are held in the herd, appropriate
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biosecurity measures should be implemented. Vaccination and genetic testing may be
used to improve resistance. Vaccination has its drawbacks; it does not fully prevent
infection and may interfere with diagnostic testing for bovine paratuberculosis. Thus, the
use of the vaccines is regulated, its administration can be limited or even prohibited

depending on the legal environment [67, 70, 74].

The latent and slow progression of MAP infection and the low sensitivity of diagnostic tests
make the diagnosis challenging, leading to a marked difference between apparent and true
prevalence levels. Disease frequency is the base measure serving as a starting point for
the choice of appropriate testing method, control measures and the assessment of the
efficiency of the control program. Using crude apparent prevalence in herd health
management can lead to poor decisions and to the failure of control programs. Appropriate
statistical methods are needed to adjust apparent prevalence calculated from test results

to obtain a prevalence estimate reflecting the true, underlying prevalence of a herd.
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4 Materials and methods

4.1 Datasets

Two datasets were used in the analyses. The prevalence dataset was used in the
prevalence estimation studies while the survival dataset was used in the study assessing

the impact of seropositivity on the risk of culling.

411 Prevalence dataset

A nationwide voluntary PTBC testing program started in February 2018 in Hungary, which
was set up for dairy farms to provide help for herd managers to reduce the prevalence and
impact of PTBC in their herds. In this program state compensation was available for the
dairy farms after taking samples and conducting laboratory PTBC tests up to a maximum
amount per individual. | analyzed the PTBC screening test results from 2019, covering
58,196 cows in 117 large (number of cows>=100) intensive dairy cattle herds, which
represented 24.3% of all dairy cows in Hungary and 26.8% of the performance tested
herds. The target population was the set of intensive large dairy cattle herds. The
Hungarian dairy cattle industry consists mainly of intensive farms with no or minimal grazing
opportunities. Milking cows are housed in confinement barns and generally fed with total

mixed ration.

4.1.1.1 Laboratory analyses

PTBC screening tests were performed on all milking cows in the studied herds between
January 1 and December 31, 2019. Milk samples, which were collected from individual
cows during official performance testing were treated with bronopol as a preservative,
transported to the laboratory of Livestock Performance Testing Ltd. (Gddollé, Hungary),
and examined within 48 h of sample collection. Milk diagnostic tests were carried out by
Paratuberculosis Screening Antibody Test (IDEXX Laboratories Inc., Westbrook, ME, USA)
as per the manufacturer’s instructions. To classify the test results, | used 0.2 and 0.3 as
negativity and positivity thresholds for the S/P ratio, respectively. Results within the two

thresholds were classified as inconclusive.
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4.1.1.2 Description of variables

The results of the 58,769 ELISA tests were then linked to basic cow-level information. Cows
with inconclusive ELISA test result (n = 573, 1%) were excluded. The following data were
collected for each studied cow: herd ID, cow ID, birth date, number of lactations, date of
calving, sampling date, and ELISA test results. Cows were categorized according to parity
(primiparous vs. multiparous), according to the herd size (100-300 cows; 301-600 cows;
>600 cows) and according to the seven official regions of the country. Herd size categories

were designed to include enough herds for stable statistical modelling.

4.1.2 Survival dataset

| analyzed the data from [4] to assess the impact of PTBC positivity on the risk of culling of
cows in Hungarian-dairy herds. The inclusion criteria for the farms were as follows: (1)
computerized on-farm data recording; (2) continuous participation in milk recording at least
since January 1, 2014; (3) herd size of more than 250 cows; (4) implementation of a PTBC
screening test for all milking cows in the herd in the voluntary PTBC testing program in
February and March 2018; and (5) a willingness to provide data to the authors. Altogether,

five large dairy herds were included in the study.

PTBC screening tests were performed on all milking cows (n = 4,347) in the studied herds
between February 22 and March 22, 2018. Milk samples collected from individual cows
during official performance testing were treated with bronopol as a preservative,
transported to the laboratory (Livestock Performance Testing Ltd., G6d6ll6, Hungary), and
examined “ within 48 h of sample collection. Milk ELISA tests were used for the detection
of antibodies against MAP (IDEXX Paratuberculosis Screening Ab Test, IDEXX
Laboratories, Inc., Westbrook, ME, USA). Milk samples with S/P ratios <0.2 were classified
as negative for MAP antibodies according to the manufacturer. If the S/P ratio was >0.2,
but <0.3, the sample was classified as inconclusive, whereas samples with an S/P ratio of
=0.3 were classified as positive for MAP antibodies. The outcome of the initial screening
test involving all milking cows in the herds was used for the classification of the cows. Cows
with inconclusive ELISA test results (n = 6) were excluded from the analyses. Individual
data for all tested cows were collected from the official milk recording database (Livestock

Performance Testing Ltd., G6doll6, Hungary) [4].

The dataset used for the analysis included herd ID, cow ID, date of birth, date and result of

MAP ELISA testing, parity and date of culling (if applicable) of 4,341 cows.

24



4.2 Bayesian modelling in practice

The probabilistic concept of Bayesian statistics is fundamentally different from the concept
of traditionally used frequentist statistics. Frequentist statistics estimate the probability of
an event based on the proportion of occurrences, i.e. the relative frequency, calculated
from many trials. The more times an experiment is performed, the closer the relative
frequency of the event approximates the theoretical probability [88]. For example, the more
times a regular coin is flipped, the closer the cumulative proportion of heads (and tails)

approximates 50%, the theoretical probability (Figure 1).
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Figure 1 Coin toss with fair coin (author’s simulation in R). Red: proportion of head tosses,
black: 95% confidence interval.

In this framework, probability is an objective quantity, independent of any prior experience.
After experiencing several consecutive head tosses, we continue to assume that the
probability of tossing head on the next trial is 50%. The frequentist estimation of a model

parameter aims to calculate this fixed probability.

Besides the data, Bayesian methodology takes into account the prior experience and
knowledge when specifying the probability. This process is like the way we think. Sticking
with the coin toss example, if we get heads over and over, we start to suspect that the coin
is not regular. We update the odds in our minds based on our current experience, and then

expect heads with a higher probability [89].
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Bayesian modelling requires three basic components: the model, the data and the so-called
prior. Prior information condenses prior expectations and knowledge about the process.
We distinguish three main types of priors. If we have no useful information to incorporate
in the model - for example when exploring a new, unknown field of science - we choose a
so-called non-informative prior. This type of prior does not carry information on previous
expectations, so the model parameters are estimated solely from available data. If a large
amount of data is available from which a sensible estimate can be expected without further
assumptions, we may also chose a non-informative prior [22]. The second type of prior is
a so-called weakly informative prior. Its role is solely to restrict the range of parameters and
to stabilize the model. For example, the sensitivity of a diagnostic procedure can usually
be assumed to be at least 50%. When modelling an incurable disease, we can exclude
parameter values that would allow a cure. Other restrictions may arise for variance
parameters characterizing the heterogeneity of the data. These parameters should
generally neither be close to zero nor too large, otherwise the fitted Bayesian model may
be unstable. The third type of prior distributions is the informative prior, which allows us to
incorporate reliable prior knowledge into the model. For instance, we can use the results
of previous studies, our experience, knowledge, or experts’ expectations to specify the
range of values in which the parameters are likely to fall with high probability [22]. The prior
distributions should be constructed so that the probability that a parameter falls within a
given interval is equal to the area under the curve of the so-called density function in the

specified interval.

The values of this function are called densities, a high density indicating a high probability
of a parameter value (Figure 2). In the Bayesian model, the prior distribution is refined and

updated using the actual data, to obtain the so-called posterior distribution.

The area of the purple region represents the
61 probability of the parameter lying
ain the red interval

0.00 0.25 0.50 0.75 1.00
Parameter

Figure 2 Interpretation of prior and posterior distribution.
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In the case of tossing a regular coin with possible small manufacturing defects or wears,
we should choose a prior distribution that gives a chance of about 50%-50% for having
head or tail, and sets the chance of a larger deviation from this ratio to small (red curve in

Figure 3).

The parameter of interest is estimated from the prior distribution using the additional
information in the data. The estimate will not be a single number, but a so-called posterior
distribution. The probability that the true parameter falls within a given interval is the area
under the curve in the specified interval (purple region in Figure 2). In the case of a coin
toss, the posterior distribution provides information about the probability that the coin is

regular and the probability of a given degree of deviation from regularity.
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Figure 3 Bayesian estimation of the probability of head toss in a coin flip - simulation, unfair coin, probability
of head: 0.6 (60%). Prior assumption: fair coin.

Figure 3 shows that, compared to the prior distribution representing our assumptions, the
posterior distribution becomes narrower as experience accumulates (the number of throws
increases), which means that our confidence in our estimates increases. At the same time,
the posterior curve shifts towards the true parameter value, i.e. the values around the true

parameter will have the highest probability based on the posterior distribution.

The posterior distribution of the parameters is calculated using the data and the prior. For
ease of interpretation, the posterior distribution can be compressed into a single number
by calculating its mean, median or other statistics and the corresponding credible interval
(Cl) of a given coverage (Figure 4). The coverage of the credible interval is the probability

that the parameter falls within the given interval.
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Figure 4 Posterior distribution estimated mean and 95% credible interval for head toss probability after 100
coin flips. Prior assumption: fair coin; in reality: unfair coin, 0.6 (60%) probability of head tosses,
mean estimate and 95% credible interval: 0.58 (95% Crl: 0.52-0.64).

The final estimate reflects both prior knowledge and the additional information in the data,
consequently our knowledge increases. The updated posterior distribution can be used as
prior distribution in a subsequent model. What happens here fits well with the natural
process of scientific cognition: we build a new theory from our prior knowledge and the
results of our current research. We revise the state of the art again and again in the light of

new data, step by step refining our understanding of the subject.

Note that the thinking of medical diagnostics is also naturally Bayesian. The main task of
diagnostic workup is to quantify the likelihood of each possible underlying cause of a
disease from a set of symptoms. When pondering the probabilities, we also take into
account the patient's characteristics and the environmental factors. The likelihood of an
underlying cause may vary depending on the age and the anamnesis of the patients and
on environmental factors [90]. For example, in a 6-month-old puppy with fever, diarrhea
and lethargy, under regular veterinary care and having all recommended age-appropriate
vaccination, we would not suspect a parvovirus infection. However, the same symptoms at
a first veterinary consultation of a 3-month-old puppy just purchased from a breeder, with
no appropriate vaccination, would warrant a clinician of an increased likelihood of
parvovirus infection. Another important application of Bayesian methods in veterinary
clinical practice is to revise and update an initial estimate of the probability of disease (pre-
test probability or prevalence) in the light of a positive or negative test result. Uncertainty

in the estimates is incorporated through the use of prior distributions [19].

28



4.3 Distribution based Marginalized Multilevel Models

To my knowledge, no method has existed that allowed researchers to model disease
prevalence in hierarchical subgroups of animals as correlated random quantities,
estimating both conditional and marginal means. A new methodology was motivated by the
problem of estimating the true, underlying PTBC prevalence in Hungarian dairy herds. My
goal was to develop a methodology allowing to appropriately model both the population

and the herd level mean true PTBC prevalence of primiparous and multiparous cows.

| developed a special type of marginalized multilevel model called distribution based MMM
where the distributions of the conditional, cluster specific means belong to a given
parametric family. In DMMMs, a natural connection exists between the conditional and the
marginal components, implying that the expected value of the conditional means coincide
with the corresponding marginal means (4.6). In the general MMM framework this
consistency is achieved by an external constraint on the parameter space [2, 37, 91]
DMMMs contain normally distributed random effects that are mapped to conditional cluster
specific means (4.2) using a Gaussian copula model [92, 93]. However, the variance
structure of the transformed random effects is partially lost, due to standardization. To
recover the role of the variance parameters in the distribution of the conditional cluster
specific means, the DMMM framework is extended by including a dispersion model (4.7).
Consequently, to define a DMMM, we need to specify both the core equations (4.1-4.4)

and the dispersion model (4.7). Both are incorporated in the likelihood models.

Let the family H of distribution functions be parameterized by the r-dimensional vector 6.

We suppose that H has finite expected value n depending on 8. The MMM (3.20-3.23) is

modified as

uij = h(8y5), (4.1)
ui; =H™* <eij, @ (ZiT]-a,- X (zgnzij)_§)>, (4.2)
a;~N(0,D), (4.3)
Yij|ai~Fy(Hfj: vij), (4.4)

where y;;, uij, h, 0;;, Y;j, vy, Fy are the same quantities as in (3.20-3.23), a; are independent

normally distributed g-dimensional vectors of random effects with mean zero and
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covariance matrix D, Z;; are known covariates related to the random effects, and @ is the
standard normal distribution function. We assume that 6;; and v;; are r and t dimensional

vectors in the open sets @ and ¥, respectively. The inverse of the distribution function H is
H™1(8,y) = min{x: H(0,x) =y}, (4.5)

which is a proper definition for right continuous monotone increasing functions [94]. Note

that (4.2) is a Gaussian copula model for the conditional means [92, 93].

1
In (4.2), the transformed random effect u=q)<Z};-a,-x(ZiTjDZi]-)_5) has a uniform

distribution on [0,1] interval, thus this construction assures that the probability distribution

of ufj is H with parameters 6, ;, therefore the required constraint
E(k§;) = wy; (4.6)

is satisfied. However, the random effects ZiT]-ai are standardized in (4.2), hence the

framework (4.1-4.4) captures merely the correlation structure of the conditional means ufj.

To restore the role of the variance of the random effects Z,-TjDZ,-]- in the DMMM model, we

introduce a dispersion model

where w(0, x) is a strictly monotone increasing nonnegative function of x at each parameter
vector 8, and t(0,x) is a monotone increasing scale transformation at each parameter
vector 8. Suppose that we can choose a monotonically increasing function t such that
Var (t(eij, ufj)) is finite and that Var (t(eij, ufj)) and Z[;DZ;; are on the same scale. The
transformation w(8, x) separates the parameter capturing the dispersion of the distribution
from the mean, if needed. We suppose that the right-hand side of (4.7) can take any

positive value, and that based on (4.1) and (4.7) the vector 6;; can be reparameterized
uniquely with p;;, Z}}DZU and possibly some components of 8;;. Hereafter we consider that
this reparameterization has been done, and that u;; and ZiT]-DZi]- are the first two
components in the vector 8;; . Note that, for specific applications, (4.7) can provide a

flexible, simple and easily interpretable dispersion model if w(8, x) and t(8, x) are chosen

such that the right-hand side reduces to a function of a single component of 8. For example,
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in the case of beta distribution family from the application in 4.4.2., the transformation

t(GU-, ufj) is the identity function as beta distribution has finite variance. The scale of the

variance of beta distribution is [0,1] and the scale of ZiT]-DZi]- is [0,], thus the function

w(8,x) is chosen to w(8,x) = 1/y; .

The marginal variance of the response Y;; can be decomposed into the mean of the

conditional variance plus the variance of the conditional mean, i.e.,
Var(Yy) = E (Var(Yyla;)) + Var(ug),i = 1,..,N,j = 1,..,n;. (4.8)

DMMMs can be fitted to data using either frequentist maximum likelihood or Bayesian
methods. This approach allows for simple and flexible control over the marginal and

conditional mean and dispersion measures.
The theoretical properties of the framework are presented in 11.3 of the Appendix.

4.4 Bayesian latent class modelling of true prevalence in animal

subgroups with application to bovine paratuberculosis infection

The prevalence dataset - as any dataset containing diagnostic test results from animals
living in separate groups — has some special features. The data is inherently hierarchical.
Due to common herd characteristics (management practices, region, age distribution, etc.)
animals from the same herds are more similar one to another than compared to an animal
from another herd. Besides data hierarchy, the other important feature is related to the
imperfection of the diagnostic tests. We do not have direct information on the real infection
status of the animals. The inference can only be done based on test results and a
probabilistic link between seropositivity and the real infection status. All these
characteristics had to be considered when choosing the proper methodology to analyze
the data.

The prevalence of infectious diseases in animals living in separate groups (e.g. herds) can
be naturally analyzed using a Bayesian hierarchical latent class model. The hierarchical
nature of the data is represented by random effects, and the group of infected and not
infected animals are latent classes. The Bayesian methodology allows us to incorporate

expert knowledge and previous experiences and to calculate various measures of interest.

In this work, | aimed to extend the legacy Bayesian methodology of prevalence estimation

considering animal subgroups (parity group, species, etc.) within the herds, a new level in
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the data hierarchy. Animals within the same subgroup are generally homogeneous with
respect to infection-related characteristics. Yet, despite this apparent similarity, substantial
differences may emerge between animals in the same subgroup but from different herds.
We would like to estimate the infection prevalence of these subgroups in the population,
taking into consideration herd and subgroup differences and similarities. The differences
are captured by herd- and subgroup-level random effects, which simultaneously contribute
to the greater similarity of animals within the same group or subgroup. The model is
specified such that the random effects of subgroups within the same herd are correlated.

According to the legacy, prevalences will be modelled using beta distribution.

First, a general framework will be presented, then the methodology will be adapted to
reassess the prevalence of bovine paratuberculosis (PTBC) infection in Hungarian

commercial dairy farms.

4.41 General modelling framework

We propose a generalization of the models of Hanson et al. [25] and Branscum et al. [24]
to estimate the true infection prevalence. McAloon et al. [28] applied Branscum’s Bayesian

methodology to estimate HTP of bovine PTBC in Ireland. His model is as follows:
npos; ~ Bin(AP;, nherd;),
AP; =m; X Se + (1 —m;) X (1 — Sp), (4.9)
m; = HTP; x CWHP;,

where nherd; is the number of animals, npos; is the number of test-positive animals, AP; is
the probability that an animal tests positive in the i-th herd. =; denotes the true prevalence
in the i-th herd, HTP; is 1 if the i-th herd is infected, and it is O otherwise. The conditional
within-herd prevalence (CWHP;) is a term introduced by McAloon to denote the probability
that a randomly selected animal in the herd is infected, given the herd itself is infected. We
extend this model to handle within-herd animal subgroups. In the following, we use notions

and notations of McAloon et al. [28].

4.41.1 The components of the extended statistical model

Let the subgroups of the animals (e.g. parity, breed, species, genetic trait) be indexed by
j=1,2,....m. Let Posi be 1 if the k-th animal from the j~th subgroup in the i-th herd is test

positive and 0 if the selected animal is test negative. Further, let Pos;= (..., Posy, ...) be the
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vector containing all the nj; test results for animals from the j-th subgroup in herd i. We
assume that the components of Posy (indicating test results of all animals in herd i and
subgroup j) follow independent Bernoulli distributions. The probability distribution of Pos; is

modelled as the mixture of two products of Bernoulli distributions:
Pos;j~HTP x [1.7, Bernoulli(AP;) + (1 — HTP) x 1,2, Bernoulli(1 — Sp). (4.10)

HTP stands for the herd-level true prevalence, APj represents the conditional within-herd
apparent prevalence, which is the probability that a randomly selected individual from the
J-th subgroup in the i-th herd tests positive, given the herd is infected. A positive test result
for an animal from the i-th herd can be attributed to (i) either the herd being infected with a
probability of HTP and the test giving a positive result with a probability of APy, or (ii) the
herd not being infected with a probability of (1-HTP) and the test incorrectly identifying the

animal as positive with a probability of (1-Sp).

The first part of the sum in (4.10) applies when the i-th herd is assumed to be infected and
the second part describes the case when the herd is free of infections. The factors in the
product express the probability of the individual test results being positive or negative and

the multiplication accounts for the independence of the test results of the animals.

APy can be expressed as the sum of the probability of true positive and false positive test

result:
AP = Se x CWHP;; + (1 — Sp) x (1 — CWHP;)), (4.11)

where CWHP, is the conditional within-herd prevalence for the j-th subgroup within the i-th

herd and Se, Sp stands for the sensitivity and specificity of the diagnostic test.

We propose to model the prevalence of infection for the j-th subgroup within the i-th herd
(CWHP;;,j =1,2,..,m) by m beta distributions. The beta distribution is defined on the

interval [0, 1] and is widely used to model probabilities and proportions [3, 28, 29, 95].
Parameterized by two positive shape parameters, mean and precision, this is a flexible

distribution family including symmetric, skewed, and U-shaped distributions.

The means p; of the beta distributions represent the marginal, population level means of
CWHP;;. The spread of CWHP;; around the mean u;, characterizing the heterogeneity of
prevalence of infection between infected herds is captured by the precision parameter ;.

We assume correlations between CWHP;; and CWHP;;,, j; # j, to account for the
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common parent herd. Beta distributions are derived from independent normally distributed
random herd effects b; and additional normal random herd and subgroup interaction effects

bij,j = 1,2,..m using Gaussian copulas [96]. More precisely, let

bi~Normal(0,0),

bl-j~Normal(O,aj), j=12,...,m (4.12)

and

CWHP; = By, CD( i 1> : (4.13)
e (02+02)?

where B;j}wl_ are the inverse of the beta distribution functions having mean y; and precision

parameter v;,j = 1,2,...,m, where @ is the standard normal distribution function.

The precision parameters were specified in the model to be inversely proportional to the

variances of the random effects.

l/)j =( - 2 (4.14)

where 2 is the variance of base random herd effect b;, and sz represent the variances of

the additional independent random herd effects b;; related to the animal subgroups.

Note, that the Pearson correlation coefficient p,;, between two random herd effects b; + b;,

and b; + by is

0.2

Pab = (4.15)

T I
(02+02)2x(02+02)?

The coefficient p,;, is a suitable measure of association of CWHP;;, and CWHP;,, i.e.,
between CWHP of animals from subgroups a and b kept in the same herd. We mention
that p,;, is the maximal correlation [97] between CWHP;, and CWHP;;, (see 11.2 of the
Appendix for details).

The introduced random effect and dispersion model (4.14) describe how the herd-specific

conditional means CWHP;; vary around their marginal, population level means u;,j =

1,2, ...,m. This framework belongs to the class of marginalized multilevel models [37].
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4.4.2 Application: Reassessing the PTBC prevalence in Hungary

The general framework was adapted for estimating PTBC prevalence in Hungary. The aim
was to estimate both the proportion of truly infected herds among all herds (HTP) and the
proportion of infected animals within infected herds (CWHP), using milk ELISA test results,
individual cow-level data, and prior information derived from the latest nationwide voluntary
PTBC testing in form of prior distributions [4, 98].

4.4.2.1 The adapted model

To provide meaningful estimates which are easy to interpret for practitioners and
compatible with herd management categories, parity was chosen as grouping factor. Based
on herd (i), parity () and MAP ELISA test result of the cows
(i.e., Posy= (..., Posu, ...)) | aimed to estimate the mean HTP and the mean CWHP; and
CWHP, for primiparous and multiparous cows, respectively. CWHP; and CWHP, are the
conditional within-herd prevalences for primiparous and multiparous cows, respectively, in
a randomly selected herd. Herd true infection status was handled as latent class, while
multiparous and primiparous cows were considered as within-herd subgroups. The age of
the cows was only accounted for in Meyer’s formula [17] of age-dependent sensitivity. The
target condition for this analysis was the MAP-infected cow in which humoral response

would become detectable within the economic life of the cow.

The extended Bayesian two-stage hierarchical model was fitted to the animal-level data as
input for the first, and herd-level clusters for the second stage (Figure 5). According to the
legacy of prevalence modelling, the PTBC prevalence of primiparous and multiparous cows
in the herds (CWHP; and CWHP,) were modelled with two beta distributions. The marginal
means were parameterized with u; and u, and the precisions with 1, and y,, respectively,
as defined in (4.13-4.14), where o and o; are the standard deviations of the random herd
effects b; and the additional random herd and parity interaction effects b;;,j = 1,2,

according to (4.12). In line with (4.15) this model takes into account the correlation between
CWHP, and CWHP,.

35



Infected herds Not infected herds

HTP 1-HTP
Data DOOO® | 0OE®® CICIOIOGIOIO) QOO
e CIOJOJORIOIONOXC) PIE®)=AP ®BLOO P(E)=1-8p OO
© HOO ©
Stege 1 | CWHP,;| CWHP,; | CWHP;;followsbeta | CWHPy;
True within-herd distribution with mean ; 0 no infection 0
prevalences and precision ’l,f)J
Stage 2
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prevalence

Figure 5 Stages of the Bayesian model. HTP — herd-level true prevalence, AP — apparent prevalence,
Sp — specificity, j — parity, CHW P;; — conditional within-herd prevalence for parity j in herd i.

The PTBC infection status of the herds were assumed to be independent of each other
having the same probability HTP. In formulating informative prior distributions for HTP |
drew on the evidence from the study of Ozsvari, Lang et al. [4] on the prevalence of

paratuberculosis in large-scale commercial dairy cattle:
HTPNBeta(aHTp, bHTP)' (416)

The procedure epi.betabuster [99]in R 4.1.0 package epiR [100, 101] was used to calculate
the parameters ayrp = 66.19 and byrp = 8.65 of the beta distribution, which corresponded

to a prior mode of 0.895 and a 5th percentile value of 0.819.

Mean CWHP for primiparous and multiparous subpopulations was modelled assuming

vague, normally distributed prior distributions:
logit(u,)~ Normal(0,10),
logit(u,)~ Normal(0,10). (4.17)

Independent normal prior distributions with mean zero were fitted to the herd-level random

effects:

bj~Normal(0,0),

b;y~Normal(0, 0,), bi;~Normal(0, o5) (4.18)
and flat inverse gamma prior distributions were imposed on the variance components:

o?~Inverse. gamma(0.01,0.01),
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o2 ~Inverse. gamma(0.01,0.01),
0% ~Inverse. gamma(0.01,0.01). (4.19)

The Bayesian model was implemented using the rstan package of R 4.1.0 statistical
software [100, 102]. The model was run using rjags and runjags packages [103]. The R
and RStan source codes of the Bayesian model, as well as code for simulating illustrative

data, are available in the supplementary material of the related publication.

Along with the estimation of model parameters, the methodology allowed for the estimation

of marginal median CWHP; and CWHP, with the random effects set to zero in (4.13).

The 20,000 Markov Chain Monte Carlo (MCMC) iterates were used to estimate the p;, ;
parameters of the marginal beta distributions of CWHP;, the standard deviations of the

random effects o and oj,j = 1,2, and the correlation coefficient p in (4.15). The obtained
marginal beta distributions and a Gaussian copula with correlation matrix (/1) ’1)) [96] were

used to simulate from the posterior joint distribution of CWHP; and CWHP,. | simulated
independently 10,000 pairs as follows. In each simulation step | randomly selected a
parameter vector from the 20,000 MCMC iterations. The actual CWHP;, CWHP, pair was
generated from the joint distribution corresponding to the selected parameter vector. |
plotted the simulated CWHP;, CWHP, pairs to illustrate the correlation pattern of the PTBC
prevalence of primiparous and multiparous cows within the same herd. Based on the
simulated ratios CWHP,/CWHP,, | estimated the posterior distribution, the posterior
median, and the credible interval (Crl) of the prevalence ratio between multiparous and

primiparous cows within a randomly selected herd.

The posterior distribution of the standard deviation (SD) of CWHP;,j = 1,2 was calculated

from the MCMC iterates using the variance formula of the beta distribution

1i(1 = py) /(1 + ;).

The posterior distribution of CWHP; and CWHP, can be expressed using the 20,000 MCMC
iterates of the u; and ;,j = 1,2 parameters of the corresponding beta distributions. By

taking the arithmetic averages of the obtained 20,000-20,000 “iterates” of the beta
distributions, | obtained the estimated posterior distributions of CWHP; and CWHP,. From

this, | computed the estimated proportions of infected herds at different levels of CWHP.
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By modifying the location parameters of the prior beta distribution of HTP, we can assess
the sensitivity of the posterior mean and median of HTP. The mode and 5™ percentile were
decreased to 0.795 and 0.719 and increased to 0.995 0.919, by 10 percentile points,
respectively. Beta distributions were fitted using betabuster [99] in R 4.1.0 package epiR
[100, 101]. The parameters are ayrp = 78.09, byrp = 20.88 and ayrp = 39.54, byrp =
1.19.

Specificity and age-dependent sensitivity estimates were based on Meyer et al. [17].
Specificity was set to Sp = 0.995 and sensitivity was calculated using the age-dependent

nonlinear formula:
logit(Se(age)) = a — b X exp (—c X age), (4.20)

where a is the upper limit of the logit of the sensitivity when age increases, b is a scaling
factor, c is the coefficient for the decay of age effect and age is the age of the animals at
the time of diagnosis, measured in years. Meyer’s estimates for the coefficients of the non-
linear regression, derived from a large dataset of repeated milk ELISA test results, are a =
1.2, b =3.0 and c = 0.3. Substituting the age of 1 year and 10 years into (4.20), we can
conclude that the sensitivity of the MAP ELISA test is highly age-dependent, starting from
0.265 for one-year-old and reaching 0.741 for ten-year-old animals. To increase the
efficiency and stability of the Bayesian model | defined age groups as follows: 1.75, 2.00,
..., 2.75 years (increment=0.25), 3.00, 3.33, ..., 4.33 years (increment=0.33), and 4.50,
5.00, 5.50, ..., 16 years (increment=0.5). The maximum absolute deviance between

sensitivities calculated with the actual and rounded ages was 0.015 [4].

To compute posterior estimates, four chains were run, each of 20,000 MCMC iterations.
The runs were started from different sets of initial values of the parameters. The first 10,000
warm-up iterations in each chain were discarded. Convergence was checked by visual
inspection of the trace plots of the chains. Additionally, the split R-hat formula [22] was

used as convergence measure. Both approaches confirmed convergence.

4.4.2.2 Model checks

Posterior predictive check of model fit was performed using the R package bayesplot [104].
To evaluate the fit of the model to the observed data, replicates of counts of positive tests
were simulated from the posterior distributions for each herd and parity and compared to
observed counts. Visual inspection of smoothed histograms and a scatterplot of observed

counts against mean replicated counts was used to check the discrepancy of the
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distributions of replicated and observed counts. To compare means, medians, and
standard deviations of observed and replicated counts Bayesian p-values were computed
and evaluated. All the p-values fell within the range of 0.39-0.61, demonstrating good fit of
the model [22].

4.4.2.3 Sensitivity analyses

To assess their influence on HTP and CWHP separate models were set up, allowing for
distinct parameters for herd size categories and regions. When investigating the effect on
CWHP, the parameters were allowed to differ by parity. Effects were assessed by pairwise
comparisons of the parameter estimates of the herd size categories. For regions, the
difference between the overall mean and the individual regional estimates was assessed.
A potential interaction between herd size and region was also investigated, with different
CWHP parameters estimated for each herd size-region combination. The difference
between the herd-size related means and the corresponding region estimates was

assessed.

A sensitivity analysis was performed to assess the effects of changing the sensitivity and
specificity parameters on posterior estimates. The main analysis was repeated with both
the lowest and highest possible Se for each age groups, adding or subtracting their
standard errors appropriately to the coefficients a, b and ¢ in Meyer’s formula [17]. For the
two analyses, the coefficients were settoa=1.2-0.17,b=3.0+0.23,c =0.3 - 0.067 and
toa=1.2+0.17,b=3.0-0.23,c=0.3 + 0.067, respectively. The change in estimates due
to the uncertainty in specificity was also evaluated by assigning to Sp the 95 % confidence
limits 0.994 and 0.996, reported in Meyer et al. [17].

| investigated the effect of using a prior distribution for specificity parameter instead of a
fixed value. Considering a lower estimate Sp=0.986 from Nielsen et al. [18], a uniform prior
in the interval 0.986-0.996 was defined. | also quantified the possible between-herd
heterogeneity of the specificity parameter allowing for different and independently varying

specificity for individual herds, using the same uniform prior in the interval 0.986-0.996.

4.4.2.4 Model validation via simulation

McAloon et al. [105] pointed out that under certain disease characteristics, including low
Se of diagnosing paratuberculosis Bayesian latent class analyses can exhibit low accuracy
of HTP estimates. It was proposed to explore the eventual bias of the Bayesian model via

data simulation. Following the guidance, new diagnostic test results were simulated to each
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cow recorded in our data set, while preserving their initial covariates. Values of HTP, mean
CWHP;, mean CWHP, and standard deviations of the random effects used in the simulation
were specified in advance. The HTP range of 0.82, 0.85, 0.88, 0.91 and 0.94 corresponded
to the 95% symmetric Crl of the prior used. Mean CWHP for primiparous and multiparous
animals were set to 0.08 and 0.16, respectively. Standard deviation of the random effects
of the herds was setto 0 = 0.32, ¢, =0.12, 6, = 0.12, in accordance with the magnitude
of the posterior estimates obtained from the main Bayesian model. Finally, the Bayesian
model outlined above was fitted to the simulated data and the discrepancy between the

known parameter values and their obtained posterior estimates were assessed.

4.5 Estimation of paratuberculosis infection prevalence in subgroups of
individual dairy herds

After estimating the population-level infection prevalence of the primiparous and
multiparous cows, it is possible to use the information extracted from this large sample to
make inferences to single herds. The aim of this research was to provide practitioners with
a tool to estimate the true infection prevalence of their herd based on cow level data and
on the results of the nationwide voluntary PTBC testing program as prior information.
Estimating the prevalence of individual herds is a direct sequel of the hierarchical modeling

of nationwide data and relies strongly on the results.

The goal of the modelling was to estimate the probability that a randomly selected animal
in the herd was infected. The model results were illustrated by analyzing two simulated
large commercial dairy cattle herds. The model is available for use online

(https://qithub.com/VeresKatalin/PTBC). In addition to that, thumb rules were derived from

the results. The rules describe how to estimate the true prevalence without using the model,

solely from the apparent prevalence, by a simple multiplication.

Additionally, | aimed to provide an internationally relevant context for our analysis by
integrating prior information from diverse regional studies together with region-specific
synthetic data. | set up a model which can be customized for any region using real local
data and prior information. The international model was also enabled to estimate the
likelihood that a herd is infected. The model was tested using synthetic data representing
six regional scenarios in four countries (Chile, Denmark, Italy, and Hungary). This model is

available online at https://qithub.com/VeresKatalin/PTBCprevalence .
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4.5.1 The statistical model

In the following, | assumed that the analyzed herd is infected. It is a reasonable assumption,
since the true prevalence estimated from the latest national data was 92% (section 5.1). |
fitted a Bayesian two-stage hierarchical model to the data. It was assumed that the true
prevalence of each herd is well represented by the national data, therefore posterior
distributions from historical data were used as informative priors. Figure 6 shows the prior
for CWHP; (conditional within-herd prevalence among primiparous cows) and CWHP:
(conditional within-herd prevalence among multiparous cows). The priors were chosen to

best fit the corresponding posterior distributions from the national data.
CWHP1 and CWHP?2 prior density based on the result of the national screening programme

404
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Figure 6 Prior distributions for Bayesian estimation of the true prevalence of paratuberculosis in primiparous
and multiparous cows based on the posterior distribution from national data.

The above priors, the results of the ELISA tests, the parity and the age of the cows were
used to calculate the estimate. It is easy to calculate the proportion of positive cases
(apparent prevalence, AP) from raw data, but in practice, due to eventual false positive and
false negative results, the true underlying prevalence is often different. In this study, the
sensitivity (Se) of the ELISA test was assumed to be age-dependent according to the Meyer
formula [17]. Applying this formula to the screened herd, approximately 24-67% of the tests
will produce false negative results, depending on the age of the animals. The specificity
(Sp) of the test was considered to be 99.5% [17]. This means that false positive cases
account for only 0.5% of the test results obtained from non-infected animals. The model
aims to provide an estimate of the true prevalence of infection, taking into account the

limitations of the diagnostic test.

The apparent prevalence is defined as the probability of a positive test of a cow in an
infected herd. It can be expressed as the sum of the probability of true positive and false

positive test results:
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AP = Se x CWHP + (1 — Sp) X (1 — CWHP). (4.21)

The above formula describes that if the proportion of infected animals in the parity group is
CWHP, then Se x CWHP percentage of cows will have a true positive test result, while the

(1 —Sp) x (1 — CWHP) proportion of cows will have a false positive result.

A Bayesian model was fitted to the herd data to calculate the posterior distributions of
CHWP; and CHWP,. Posterior distributions are the Bayesian estimates of the prevalence

of PTBC associated with primiparous and multiparous cows, respectively.

The Bayesian model was set up and run using the rstan package of the statistical software
R 4.1.3 [100, 102].

4.5.2 Estimating the PTBC infection prevalence in an individual herd

without the model

In addition to the Bayesian model, a simple thumb rule for estimating the true herd-level
prevalence has been developed. The model was run on the individual PTBC ELISA milk
test results from 116 dairy cattle farms from the prevalence dataset. Next, a linear
regression was fitted considering the estimated true prevalence as a dependent variable
and the apparent prevalence as an explanatory variable. In the equation of the regression
line the estimate of the intercept was close to zero, therefore the true herd-level prevalence

can be estimated by simply multiplying the apparent prevalence by a constant.

4.5.3 Simulation study

The accuracy of our Bayesian model was tested by simulation. Data from 500 herds were
simulated, taking into account the herd sizes, the proportion of primiparous and multiparous
cows, and the PTBC infection patterns of the real data. After running the model on the
simulated data, the proportion of cases in which the true prevalence fell within the 95%
credible interval provided by the model was examined. | then looked at how the accuracy
of the estimate would change if only a fixed proportion of primiparous or multiparous cows

were tested.

The simulation was carried out as follows. First, the basic data for the herds were
generated. The size of the herd was obtained from a negative binomial distribution with
mean 450 and standard deviation 500. To this, 50 was added, thus defining a minimum
number of 50 cows and an average number of 500 cows. Taking into account the national

characteristics, "primiparous" status was assigned with 40% probability to an individual
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cow. Cow age was sampled from a gamma distribution, with the minimum age observed in
the corresponding parity group of the national data added. The average age and its

standard deviation were set to match the national data.

For each virtual cow test result was generated as follows. The true prevalences for the
parity groups (primiparous and multiparous) are positively correlated since in a herd where
primiparous cows have a higher-than-average infection level, multiparous cows also tend
to be more infected than average. Thus, the underlying prevalences were determined
according to the joint posterior distribution. This method takes the correlation into account.
Based on CWHP, Se and Sp corresponding to cow age, the AP was calculated using
formula (4.21). Test results were generated as positive with probability AP and as negative
with probability 1-AP.

4.5.4 International model

The international model builds on expert opinions or insights from the historical data of the
region, in the form of prior distributions. It uses priors for the proportion of infected herds in
the region (HTP), the mean regional within-herd infection prevalence of primiparous and
multiparous cows (1, and u,), and for the variances of the herd- and parity-level random
effects. HTP, y; and u, are modeled by beta distributions. The priors of the variances of

the random effects (02, o2 and o) are described using inverse gamma distribution.

Priors for Hungary were defined to best fit the posterior distributions from the analyses of
the national PTBC screening program. For Denmark, region-specific CWHP; and CWHP,
prior distributions were derived from posterior distributions reported in the literature
(Appendix Table A4), using the procedure epi.betabuster [99] in R 4.1.0 package epiR [101]
to specify the parameters of the beta distributions. For the other non-Hungarian regions,
region-specific prior distributions were derived from prior distributions found in the literature
[34, 35, 106, 107]. For each region, the prior distributions for the variances of the random
effects were set to be the same as those used for Hungary. The details of the derivations
of the priors and the priors used in the analysis are shown in the Appendix (Table A2,Table
A3, Section 11.1.2.).

To infer the infection probability of the herd, Bayes factors [108] were used, defined as the
ratio of the probability of the observed data in one statistical model to the probability of the
same data in another model. The Bayes factor quantifies how much more (or less) likely
the data are in one model than in another, thus indicating which model provides a better fit

to the observed data. The Bayes factor was calculated using the R package bridgesampling
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[109], version 1.1.2. Specifically, a model assuming the herd was infected was compared

with a model assuming the herd was not infected. The posterior probability of the model

BFXugrp
BFxpuyrp+(1—turp)’

given the data is where BF is the Bayes factor, and uyrp is the expected

value of the prior distribution of HTP.

Within-herd animal-level prevalence in the subgroups of primiparous and multiparous cows
was estimated using the method from section 4.5.1. As real-world data were available only
for Hungary, synthetic datasets for the other regions were generated using prior information
from the literature. A herd was considered infected if it had at least one truly infected cow.
Throughout the study, the use of the IDEXX milk ELISA test was assumed. The sensitivity
(Se) of the test was assumed to be age-dependent and calculated according to (4.20).The

specificity (Sp) of the test was considered to be 98.6% [18].

| analyzed synthetic datasets mimicking herds in Hungary, Denmark, Southern Italy,
Lombardy (Northern ltaly), Veneto (Northern Italy), and Chile. To imitate real-world data,
the Hungarian data were manipulated to reflect the prevalence and mean herd size of the
regions analyzed (Appendix Table A1). Twenty synthetic datasets were generated for each
region as follows: from the data of a sufficiently large Hungarian herd, samples were drawn
with replacement, in accordance with the mean herd size reported for the given region. The
original ELISA test results were replaced with independently simulated values. The MAP
infection status of the herd was randomly generated from a Bernoulli distribution, with the
parameter taken from the prior distribution of the region-specific herd true prevalence. If
the herd was randomized to be infected, the infection probabilities of individual cows in
parity subgroups were generated according to a Gaussian copula model (Xue-Kun Song,

2000) using region- and parity-specific beta prior distributions (Appendix 11.1.3).

4.6 The relationship between PTBC infection and survival in Hungarian

dairy herds

Time-to-event data are data series in which each observation unit (e.g. patient or animal)
has a follow-up time and a status indicator that indicates whether the event under study
occurred at the end of the follow-up time. Statistical processing of time-to-event data is
called survival analysis. In human studies survival analysis is already an established
method. Veterinary medicine should follow the trend and make use of the time-to-event

data from individual digital records.
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The use of survival analysis techniques is illustrated through a public health case study
(see section 6.2.2 for details) and through the investigation of the relationship between

paratuberculosis serological status and the probability of culling in dairy cows.

The hazard is the instantaneous rate of occurrence of events as a function of time. The
hazard function is a key concept in survival analysis. In a homogeneous population the
hazard function is the same for all individuals. Heterogeneity can be accounted for by
including observed covariates in the model. This way, individuals with the same values of
covariates will have the same hazard function and time-to-event distribution. But there can
be latent variables that are not included in the model, causing that clusters with apparently
the same covariates may have different distributions. [110]. In the survival dataset the
hierarchy of the data implies the existence of latent variables at herd level thus we need to
control for unobserved heterogeneity in the survival model by using adequate marginal or

conditional modelling techniques.

| analyzed the survival dataset to assess the impact of PTBC positivity on the risk of culling
in Hungarian dairy herds. Cows were followed from the day of the ELISA test until culling
or death, but at the latest until the end of the study on 31 July 2019, when administrative
censoring was performed. | estimated the relative culling risk (hazard ratio) of the ELISA-

positive group compared to the ELISA-negative group.

I checked the proportional hazards assumption by visual inspection of the log-log survival

curves (Figure 7) [111], which is a prerequisite for fitting a proportional hazards model.

Negative =+ Positive

1 3 10 30 100 300 1000
Follow-up time (days)

Figure 7 Log-log survival curves of seropositive and seronegative cows.
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The proportional hazard assumption was acceptable, meaning that the risk of culling in the
ELISA positive group was reasonably modelled as a constant multiple of the risk of the
ELISA negative group over the follow-up period. This constant, the hazard ratio, was
determined using the Cox regression model. The age of the cows at the time of the test,
measured in days, was included as a non-linear term in the model (AGE + AGE? + AGE?3)
in the marginal (4.6.1) and the frailty model (4.6.2), while in the stratified regression (4.6.3)
age was discretized. The herd was handled as a cluster. | intended to account for within-
cluster correlation reflecting the influence of herd-level latent variables, including
biosecurity measures, management practices such as the separation of younger and more
susceptible animals, and financial conditions. Outlier diagnostics were conducted using

martingale and deviance residuals, confirming the adequacy of the models.

4.6.1 Marginal approach

| fitted a marginal Cox proportional hazards regression model to the survival data to
estimate the hazard ratio (HR) of the two groups. In this marginal model, the hazard is a
function of the covariates, and the latent effect related to herd is averaged out. The
variance-covariance matrix of the estimated parameters is calculated using a robust

variance estimator [111].

4.6.2 Conditional approach, frailty model

| fitted a frailty (conditional) Cox proportional hazards regression model to the previously
analyzed clustered survival data to estimate the HR of the ELISA positive and negative
groups. In conditional models, the hazard is modelled as a function of the covariates and
of the latent frailty terms. The within-cluster correlations are modelled with the frailties. |

assumed Gaussian distribution for the logarithmically scaled frailties.

4.6.3 Conditional approach, stratified cox regression with individual level

strata

Based on expert knowledge, herd affiliation and age group are the most influential sources
of heterogeneity with respect to MAP infection status. A 1:5 matching was performed on
these two factors. This means that each ELISA positive cow was matched with 5 “similar”
ELISA negative control cows to define a stratum. The 5 control animals were chosen
randomly, without replacement, from a pool of ELISA negative cows from the same herd
and from the same age group at the time of testing. To avoid statistical dependency,

different positive cows were assigned to different, non-overlapping control groups selected
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without replacement. Age groups were defined as follows: Under 2 years, 2-<3 years, 3-<4
years, 4-<5 years, 5-<6 years, 6+ years. A stratified Cox proportional hazard regression
was then fitted with ELISA positivity as the sole explanatory variable. The model allowed
each stratum to have a different baseline hazard function while sharing the same HR

estimate.
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5 Results

5.1 Bayesian latent class modelling of true prevalence in animal

subgroups with application to bovine paratuberculosis infection

| aimed to provide easily interpretable subgroup-level estimates for marginal and population
means, and to gain new insights into the interrelation of parity groups. Since the true
prevalence of PTBC infection in Hungary was estimated only once by Ozsvari, Lang et al.
[4] on a limited dataset, my secondary goal was to consolidate previous findings using a

large body of recent data and prior distributions derived from historical results.

5.1.1 Descriptive statistics

The data used in the study consisted of 58,196 cows from 117 large-scale intensive dairy
cattle herds in Hungary. Excluding records with missing or invalid identifier, ELISA test
result or birth date (n=2,602, 4.5%), data on 55,594 cows from 116 herd were eligible for
analysis. The median herd size was 479 cows (interquartile range: 274 - 602). Distribution

of herd size and age of cows are shown in Figure 8-9.
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Figure 8 Histogram of herd sizes of 116 large-scale intensive dairy cattle herds in Hungary, 2019.
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Figure 9 Age distribution by parity of cows from 116 large-scale intensive dairy cattle herds,
Hungary, 2019 (n=55,594).
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In total, 3,343 cows were classified as ELISA positive, resulting in an overall AP of 6.0%.
The number of cows by parity and ELISA status split by herd size category is shown in
Table 1. There were 4 farms with no ELISA positive cow. This corresponded to an apparent
HTP of 96.6%. The percentage of farms with an apparent prevalence of >1%, >2%, >5%,
and >10% was 92.2, 78.4, 53.4, and 19%, respectively.

Table 1 ELISA test results and apparent prevalence (AP) of paratuberculosis in the

collected sample of dairy cows in Hungary.

Primiparous cows | Multiparous cows Overall
Herd size category N + AP N + AP N + AP
100-300 cows 2590 138 534073 444 109| 6663 582 8.7
301-600 cows 9361 271 29 |13472 1081 8.0 122833 1352 5.9
>600 cows 11457 357 3.1(14641 1052 7.2 [26098 1409 5.4
Overall 23408 766 3.3 32186 2577 8.0 |55594 3343 6.0

ELISA: Paratuberculosis Screening Antibody Test (IDEXX Laboratories Inc., Westbrook, ME, USA),

AP: apparent prevalence, N: number of tests, +: number of positive tests
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ELISA test results by lactation number are depicted in Figure 10.
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Figure 10 Paratuberculosis milk ELISA test results by lactation number of all cows from 116 large-scale
intensive dairy cattle herds in Hungary, 2019 (n=55,594). ELISA: Paratuberculosis Screening Antibody Test
(IDEXX Laboratories Inc., Westbrook, ME, USA.

5.1.2 Bayesian model

The prior and the posterior probability density functions for HTP are shown in Figure 11.
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Figure 11 Prior and posterior probability density functions and mean values for herd-level true prevalence
(HTP) of paratuberculosis estimated from the Bayesian model fitted to the collected sample of dairy cows,
Hungary, 2019.

The posterior parameter estimates of the main Bayesian model are shown in Table 2. While

the apparent HP was 96.6% based on ELISA test result, mean HTP was estimated to a
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lower level of 92.5% (95% Crl: 88.0%; 96.1%). According to the high specificity of the test,
the cut-off for a herd to be considered infected when calculating apparent HP is at least
one seropositive cow. The CWHP was estimated to 8.4% (6.6%; 10.4%) for primiparous
and 15.8% (13.5%; 18.4%) for multiparous cows, in contrast with 3.3% and 8% of AP,

respectively.

Table 2 Posterior parameter estimates and additional derived measures from the Bayesian

model fitted to the collected sample of dairy cows, Hungary, 2019.

Estimate mean (95% Crl)

HTP 0.924 (0.880; 0.960)
Mean CWHP; 0.084 (0.066; 0.104)
Mean CWHP, 0.158 (0.134; 0.184)
Median CWHP; 0.047 (0.032; 0.065)
Median CWHP, 0.125 (0.100; 0.150)
SD of CWHP; 0.098 (0.079; 0.120)
SD of CWHP, 0.130 (0.111; 0.153)

Maximal correlation between CWHP;, and CWHP, 0.886 (0.806; 0.942)

HTP: Herd-level true prevalence, beta prior based on historical data.
CWHP; and CWHP,: Conditional within-herd prevalence for primiparous cows and multiparous
cows from a randomly selected herd, modelled with beta distributions.
Mean CWHP; and CWHP,: Population mean of disease prevalence by parity.
Median CWHP, and CWHP,: Population median of disease prevalence by parity.
SD of CWHP; and CWHP,: standard deviation of CWHP; and CWHP,

Posterior probability density functions of mean CWHP by parity are presented in Figure
12. The estimates for median CWHP within infected herds are 4.7% (3.2%; 6.4%) for

primiparous and 12.4% (10%; 15%) for multiparous cows.
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Figure 12 Posterior probability density functions of mean conditional within-herd prevalence (CWHP) of
paratuberculosis by parity from the Bayesian model fitted to the collected sample of dairy cows,
Hungary, 2019.

Figure 13 demonstrates positive association between CWHP; and CWHP,. The maximal
correlation of CWHP; and CWHP, is as strong as 0.89.
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Figure 13 Correlation of the PTBC prevalence of primiparous and multiparous cows within the same herd,
from the Bayesian model fitted to the collected sample of dairy cows, Hungary, 2019.
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The proportion (i.e., posterior probability) of infected herds having at least 5% or 15% true
prevalence among primiparous cows was 49% and 19.3%, respectively. The proportion of
infected herds having at least 5% or 15% true prevalence among multiparous cows was
77.9% and 43.3%, respectively. The proportion of infected herds having at least 50% true
prevalence among primiparous cows was 0.5%, and among multiparous cows it was 2.2%
(Figure 14).
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Figure 14 Posterior probability of conditional within-herd prevalence (CWHP) of paratuberculosis being at
least a given threshold by parity from the Bayesian model fitted to the collected sample of dairy cows,
Hungary, 2019.

The estimated proportions of infected herds with different levels of CWHP are shown in
Table 3. The percentage of infected herds having less than 5% infected primiparous cows
was estimated at 51.5% (43; 60%). The proportion of infected primiparous cows exceeded
10% on 29.7% (23; 37%) of the infected herds. In multiparous cows, 58% (49.9; 65.9%) of
the infected farms had higher than 10% infected cases, and 22.5% (15.6; 30.4%) of the
infected herds had less than 5% of infected animals.
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Table 3 Estimated proportions of infected herds with different levels of conditional within-
herd prevalence (CWHP) from the Bayesian model fitted to the collected sample of dairy

cows, Hungary, 2019.

Primiparous cows  Multiparous cows
Estimated proportion of infected

. ) Mean (95% Crl)
herds in the given CWHP range (%)

<=5 51.5 (43.0; 60.0) 22.5 (15.6; 30.4)
5<CWHP<=10 18.6 (15.6; 22.1) 19.4 (17.0; 21.9)
>10 29.7 (23.0; 37.0) 58.0 (49.9; 65.9)

The joint distribution of CWHP of primiparous and multiparous cows demonstrates that in
22.2% of infected herds the prevalence in both the primiparous and the multiparous
subgroups is lower or equal than 5%, and in 29.3% of infected herds the prevalence in both

subgroups is higher or equal than 10%.

The median and 95% Crl of within-herd prevalence ratio between primiparous and
multiparous cows being infected is 2.6 (0.8; 56.7). In 66% of the herds the within-herd
prevalence ratio is larger than the ratio of mean prevalence of 1.88 of primiparous and

multiparous cows calculated from Table 2.

No substantial effect of region and herd size on the HTP and CWHP and no interaction

between herd size and region were found.

The results of the sensitivity analyses are presented in Figure 15. The 10-percentage-point
change of the mode and 5th percentile of the HTP prior altered the posterior estimate of
HTP by -5.4 and 4.8. The estimates of the mean CWHP; and CWHP, were only marginally
affected. The changes in sensitivity parameter did not affect the posterior estimates of HTP
but had an inverse impact on CWHP; and CWHP, estimates. Varying the specificity

parameter had only a marginal impact on posterior estimates of HTP and CWHP.
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HTP: herd-level true prevalence, CWHP;: conditional within-herd prevalence for primiparous cows,
CWHP,: conditional within-herd prevalence for multiparous cows, Se: sensitivity, Sp: specificity,
Change in HTP: 10-percentage-point change of the mode and 5th percentile of the beta distributions, Change
in Se: parameters in Meyer’s formula adding and subtracting their standard error:a=1.2-0.17,b = 3.0 + 0.23,
¢c =03 - 0067 and a = 1.2 + 017, b = 3.0 - 023, ¢ = 03 + 0.067. Lower Sp: 0.994,
Higher Sp: 0.996, Uniform Sp prior: uniform prior for specificity parameter on the interval 0.986-0.996, Uniform
heterogeneous Sp prior: individually varying uniform prior for specificity parameter on the interval 0.986-0.996
for each herd, red dashed lines: estimated parameter values from the original model

Figure 15 Posterior estimates of herd-level true prevalence (HTP) and mean conditional within-herd
prevalence of primiparous (CWHP;) and multiparous cows (CWHP,) in the sensitivity analyses.

The parameter estimates from the simulation models were in the same range as the
posterior estimates of the main Bayesian model. As expected, the HTP estimates were
biased toward the prior. True values for CWHP; and CWHP, lied always in the credible
interval for the simulation estimates. Figure 16 presents the parameter estimates from the

simulation.
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HTP: herd-level true prevalence (red star) , CWHP;: conditional within-herd prevalence for primiparous cows,
CWHP,: conditional within-herd prevalence for multiparous cows, the true value of CWHP;= 8% (red dashed
line), the true value of CWHP,= 16% (red dashed line), the standard deviations of the random effects
0=0.32, 01=0.12,02=0.12.

Figure 16 Bayesian estimation of the mean vs. the true value of herd-level true prevalence (HTP) and mean
conditional within-herd true prevalence of primiparous (CWHP,) and multiparous cows (CWHP,) based on
simulation.
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5.2 Estimation of paratuberculosis infection in subgroups of individual
dairy herds

5.2.1 Model results

As the data used is confidential, model results are illustrated by analyzing two simulated

herds. In the first herd the actual level of infection is low, while in the second herd the
infection level is relatively high (Table 4 -

Table 5).

Table 4 Simulated herd data - Herd 1.

Herd 1 e Proportion (%) preﬁzflirf: t(%) prevaTlc:l:\ece (%)
Primiparous cows 310 44 1,3 2,7
Multiparous cows 400 56 4.8 5,8

Overall 710 100 3,3 4,4

Table 5 Simulated herd data — Herd 2.

Herd 2 I:?zr: Proportion (%) pre@g&?\rgg t(%) preva-ll-gie (%)
Primiparous cows 307 39 8,5 16,9
Multiparous cows 475 61 19,6 28,3

Overall 782 100 15,2 23,8

The posterior estimates for the two sites are shown in Figure 17 and Figure 18.
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Figure 17 Posterior prevalence estimation for simulated Herd 1 (herd characteristics shown in Table 4).
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Figure 18 Posterior prevalence estimate for simulated Herd 2 (herd characteristics shown in

Table 5).

The horizontal axis shows the disease prevalence; the vertical axis shows the density
associated with the parameter value. The probability that the true prevalence falls within a
given interval is equal to the area under the curve in that interval. The black vertical line
indicates the mean of the posterior distribution; the green range is the corresponding 95%
credible interval. In the figure, the blue line shows the apparent prevalence and the red line
the true prevalence. The true prevalence for both herds and parity groups falls within the
Kl of the posterior mean estimate from the model. In Figure 17 for herd 1, where the true

prevalence is relatively low, the estimate of the prevalence is higher than the apparent
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prevalence, but for primiparous cows, the true prevalence is slightly underestimated while
for multiparous cows, it is slightly overestimated. In Figure 18 for herd 2, where the true
prevalence is relatively high, the estimate of the prevalence is considerably higher than the
apparent prevalence, spot on for primiparous cows and slightly overestimated for

multiparous cows.

5.2.2 Downloadable application

The Bayesian model is available to download from

(https://github.com/VeresKatalin/PTBC). The software accepts herd data as xlsx file in the

following format:

-~

HERD_ID COw_ID MULTIPAR AGE POS
1 1000 1001 0 2.72 0
2 1000 1002 0 2.17 0
3 1000 1003 0 2.33 0
4 1000 1004 0 2.50 0
5 1000 1005 0 2.49 0

HERD_ID: integer, herd ID, COW_ID: cow ID, integer, unique, MULTIPAR: parity indicator, O for primiparous
cows, 1 for multiparous cows, POS: milk ELISA positivity indicator, 1 for test-positive cows, 0 for test-negative

COws.

5.2.3 Rule of thumb for estimating herd-level PTBC infection

The model was run for all herds tested in the national screening program and a linear
regression was fitted to the results. The estimated true prevalence was considered as
dependent variable and the apparent prevalence from raw data as explanatory variable.
The relationship between apparent and true prevalence is illustrated in Figure 19 and

Figure 20.
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Figure 19 Linear regression of apparent and estimated true paratuberculosis prevalence of primiparous cows
based on the results of the Bayesian model. Each data point represents a herd.
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Figure 20 Linear regression of apparent and estimated true paratuberculosis prevalence of multiparous cows
based on the results of the Bayesian model. Each data point represents a herd.

The intercept is close to zero in both cases, so the apparent prevalence multiplied by a
simple factor can be used to obtain an estimate of the true prevalence. The true prevalence
can be expressed as 1.6 times the apparent prevalence for primiparous cows and 1.5 times

for multiparous cows.

5.2.4 Simulation study

Based on the model results from 500 simulated herds, the true prevalence fell within the

95% credible interval for 90% and 87% of herds for primiparous and multiparous cows,
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respectively. At a lower sampling percentage, there was no substantial change in the
proportion of cases in which the credible interval contained the true parameter. The
proportion remained around 90% for both primiparous and multiparous cows. However, the
width of the credible interval increased considerably as shown in Figure 21, indicating the

decreased accuracy of the estimate.

Average length of 95% credible interval (%)

Sampling proportion: 100% 10.4% |

Sampling proportion: 70%

Sampling proportion: 50%

Sampling proportion: 30%

Sampling proportion: 10%

Multiparous cows 2  Primiparous cows

The percentages on the right show the length of the 95% credible interval.

Figure 21 Reliability of Bayesian model estimates at different sampling frequencies.
5.2.5 International model

The model infers the infection status of an individual herd and estimates the true prevalence
for primiparous and multiparous cows from individual cow-level data and from prior

information to incorporate regional characteristics.

In the analysis of the infection status of the simulated herds, based on the value of Bayes
factor (BF), the infection status of two uninfected herds was classified as “strongly refuted”
(BF<0.05). Both infected and uninfected herds appeared in the “refuted” (0.05<BF<0.33)
infection category. All herds rated as “supported” (3<BF<20) and “strongly supported”
(20=BF) were indeed infected. For 42 herds, the results were “weakly refuted” (0.33<BF<1)
or “weakly supported” (1=BF<3). Overall, the infection status was correctly identified in 66

of the 78 pseudo-herds that were not classified as weakly refuted or weakly supported.

When estimating the posterior probability of infection of the herds (PP), prior information
on herd true prevalence was also taken into account. Out of 120 pseudo-herds, 53 truly
infected herds were classified as “strongly supported” (0.95<PP), with no herds falling into
the “strongly refuted” (PP<0.05) category. Only one truly infected herd was misclassified
into the “refuted” (0.05<PP<0.25) group. The results were “weakly refuted” (0.25<PP<0.50)
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or “weakly supported” (0.50<PP<0.75) for 48 herds. Overall, the infection status was

correctly identified for 69 out of the 72 pseudo-herds with explicit results.

Summary measures obtained for within-herd true prevalence estimates demonstrated
acceptable accuracy. For primiparous cows, the coverage, i.e., the proportion of herds
where the simulated within-herd prevalence fell within the Crl, was at least 95%,
demonstrating the accuracy of the Bayesian model and the prior distributions of
primiparous CWHP in all regions. For multiparous cows the coverage was less accurate in
Lombardy (85%) and Veneto (71%). The mean half length of the Crl measures the
uncertainty of estimates. In all regions, it is of the same order of magnitude as the mean
primiparous CWHP values, and it is slightly lower than the mean multiparous CWHP

values, which seems acceptable from a practical point of view.

5.3 The relationship between PTBC infection and survival in Hungarian
dairy herds

Based on the marginal model, the ELISA-positive group had an adjusted hazard ratio of
2.02 (95% CI: 1.5-2.7).This is a population-level estimate, meaning that ELISA positivity
has a multiplicative effect on the hazard of culling of the whole cow population, with a factor

of 2.02, taking into account the age and the herd of the cows.

According to the frailty model, the relative risk (adjusted hazard ratio) of the ELISA positive
group was 2.03 (95% CI: 1.7-2.4). ELISA positivity has a multiplicative effect with a factor
of 2.03 on the hazard of culling, taking into account the age and the herd of the cows. The
between-herd heterogeneity is captured by the random effects. The variance of the
logarithmically scaled random effects is 0.03, corresponding to a standard deviation of
0.17. The median absolute difference (MAD) of the hazard of two random clusters is 1.18.
The effect of the exposure (2.03) compared to the MAD indicates a moderate effect of

between herd heterogeneity on the hazard.

From the stratified Cox regression with individual level strata the unadjusted HR estimate
of the ELISA positive group was 2.13 (95% CI: 1.75-2.60) meaning that ELISA positivity

multiplies the hazard of culling with a factor of 2.13.
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6 Discussion

6.1 Discussion of the results

6.1.1 Prevalence study

The evaluation of the PTBC situation in Hungary was updated using a robust methodology
that allowed the inclusion of historical prior information. Although the estimates from the
reassessment are in line with the results from the previous Hungarian study [4], the above
changes turn the new results into a contribution to the field. In addition, the study results
are expressed in terms of easily interpretable means. To my knowledge, the program and
the rule of thumb based on the model to estimate the prevalence of interrelated subgroups

in individual herds are without precedent in the veterinary literature.

Before placing the main results of the study in an international context, it is important to
note that the estimates of HTP and CWHP vary widely across previous studies due to
several factors that influence the results at different stages of the estimation process.
Climate conditions, farming systems, herd size [67], genetic susceptibility of the breed [112]
and the age distribution of the tested population affect the underlying infection level. Hot
and dry climates and extensive or grazing farming systems are both associated with lower
infection levels [113]. Older cows infected as a calf have a higher detectable infection level
due to the progression of the disease toward stages with higher antibody production and
more intensive shedding [70]. Apparent prevalences can also differ because there is no
reference standard test to detect MAP infection. Factors such as the target condition
(infected, infectious, clinical disease or seropositivity), sampling and testing strategies, the
biological sample (tissue, serum, milk, or environmental faeces), the test method (ELISA,
AGID, CFT, PCR), the test-kit and the positive-negative cut-off levels vary across studies.
The age distribution of the population also affects the results as the sensitivity of the tests
is age-dependent [18]. Finally, the quality of the data and the choice of analytical approach
may further inflate the discrepancy between estimates. Therefore, it is important to exercise

caution when comparing prevalence estimates from different studies.

The present HTP estimate is higher than the reported range of other studies from European
countries using Bayesian methodology, namely 19.2-76.5% based on individual serum
ELISA test in ltaly [35] and 75-92% based on individual milk ELISA test in Denmark [106].
According to Nielsen and Toft’s literature review, HTP prevalence in farmed animals in

Europe exceeds 50% and within-herd true prevalence is higher than 3-5% in several
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countries such as in Austria, the Netherlands, Germany, Italy [20]. The relatively high HTP
in Hungary may be due to the absence of PTBC control programs and the existence of
large herds, which are more likely to be infected by MAP and can experience substantial
production losses related to PTBC, despite the stricter biosecurity provisions on large-scale
farms [55, 67, 114].

According to Nielsen and Toft, typically, a high proportion of herds are infected with MAP,
however, only a low proportion of animals screened positive within herds ranging from 2.7%
to 15% [20]. Our marginal CWHP estimates are consistent with these results. These CWHP
estimates were later used as prior information when estimating the prevalence of individual
herds. The higher CWHP in multiparous cows can be attributed to the higher infectious
pressure [70] and increasing proportion of ELISA-detectable MAP infections with the age

of animal [18].

The positive difference between the mean and the median estimate for both CWHP; and
CWHP, indicate right skewness of the posterior distributions. This means that there is a
high probability that CWHP; or CWHP, is unusually large.

The high maximal correlation of CWHP; and CWHP, demonstrates a strong link between
the conditional within-herd prevalence of primi- and multiparous cows from the same the
herd. Apart from the correlation between the prevalence of primiparous and multiparous
cows, we can quantify the differences using prevalence ratio. This ratio is a relative risk
showing how much more common the infection is among multiparous cows than among
primiparous cows. The high prevalence ratio of infection found between multiparous and

primiparous is a measure of the effect of the parity and the age of the cows.

The random herd and parity effects correspond to the heterogeneity of the prevalence
between herds. Furthermore, they highlight the source of correlation between parity groups
in herds. The estimation of its SD cannot be directly interpreted. Instead, to assess the
heterogeneity of the prevalence between herds, we can derive the standard deviation of
CWHP based on the SD of the random effects. In the application, the SD of CWHP; and
CWHP, are of the same magnitude as their means indicating strong heterogeneity of the

disease prevalence between herds.

The lack of effect of region and herd size on the HTP and CWHP estimate suggests a
homogeneity of the source population and justifies the selection of large intensive dairy

cattle herd from Hungary as target population.

63



The sensitivity analyses showed that the HTP estimate from the model is sensitive to the
change in HTP prior. Care should therefore be taken to choose the right prior distribution.
It is reasonable to base the choice of the HTP prior on historical data or expert opinion. The
mean CWHP; and CWHP, estimates proved to be sensitive to the change of the age-
dependent sensitivity parameters. Varying specificity parameter did not affect the model
estimates. By adopting an informative uniform prior distribution for specificity parameters
within the range of published values (0.986-0.996) independently for each herd, rather than
assuming a common fixed specificity value of 0.995, | found no substantial changes in the
posterior estimates of HTP, CWHP;, and CWHP, caused by the introduced between-herd
heterogeneity. In addition, assuming the same specificity in all herds, with an informative
uniform prior in the interval 0.986-0.996, also did not markedly affect the model estimates.
When simulating data with different underlying HTP values from the range of the historical

prior the main estimates remained on target.

The TP/AP ratios of 1.5 and 1.6 of individual herds found for primi- and multiparous cows
are comparable to the ratios of 1.4, 1.5 and 1.5 published in the Danish study by Verdugo

et al. [106] for three consecutive years, 2011, 2012 and 2013 in overall.

It is important to note that the international model used synthetic datasets to illustrate the
approach, and therefore, regional prevalence estimates should not be interpreted as
measures of PTBC prevalence in these areas. When generating synthetic data, | undertook
a pragmatic approach: resampling a Hungarian herd and replacing test results to reflect
regional herd sizes and prevalences. This technique may not fully capture the unique
characteristics of herds in other regions, such as different age distributions, genetic
backgrounds, or management practices, all of which can influence the age-sensitivity
relationship and the true prevalence. The results for non-Hungarian regions demonstrate
the flexibility of the model rather than its accuracy in these specific locations, where no
local validation has taken place. Yet, the international model can be customized for any

region using real local data and prior information.

When assessing the infection status of a herd, misclassifications and indeterminate
classifications arise. From a Bayesian perspective, misclassification of infected and not
infected herds occurs because probabilities should preferably be interpreted as indicators
rather than used as classifiers. Errors arise from forcing clear-cut decisions that are
fundamentally based on probabilistic information. Indeterminate classification may arise
from a low prevalence in a high herd prevalence region or from a small sample size. If the

herd with weak results was not fully tested, then herd managers may try to test a larger
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sample of cows. In case of a low prevalence in a high herd prevalence region, evaluating
the effectiveness of herd management practices in preventing the spread of the disease
between herds is recommended. If the practices introduced are appropriate, the herd can

be considered uninfected; otherwise, it is reasonable to assume that the herd is infected.

To assess the potential level of infection, the estimated CWHP prevalences need to be
evaluated along with the width of the credible intervals. This approach provides a
comprehensive picture of the infection status of the herd. To confirm the results obtained
or to observe changes in the infection status of the herd, it is recommended to retest the
animals after a certain time interval and analyze the test results by fitting the proposed
Bayesian model with updated, most recent prior distributions. Given the economic and
health damage caused by PTBC [55], it is worthwhile to take measures to prevent and

reduce infection even if the farm has been classified as “weakly refuted”.

The prevalence studies have several strengths. First, the large sample size of tested cows
and the nationwide coverage of 24.3% of all dairy cows in 2019 in Hungary is unique.
Second, all milking cows in the screened herds were sampled, which is not a common
occurrence due to the high costs involved. The use of a historical HTP prior helps to
reinforce the reliability of our model. The reliability of the estimates of our model was tested
by sensitivity runs and simulation study, as suggested by McAloon et al. [105]. These

analyses confirmed the stability of the model and the reliability of the estimates.

The voluntary nature of the testing scheme in our study may have introduced selection
bias. However, a previous study by Ritter et al. [115] using environmental fecal samples
from 174 Canadian dairy farms found no association between participation in a voluntary
PTBC control program and herd-level MAP prevalence. In addition, the participation rate
was high, 26.8 % of all performance tested herds. This suggests that self-selection is

unlikely to have significantly altered our results.

The ELISA test has a low sensitivity in the animal-level detection of MAP. To detect MAP
infection milk ELISA tests were used, which perform similarly to serum ELISA if calving
related cow characteristics are taken into account for the latter [116, 117]. Further, milk
tests on lactating cows have the advantage of being non-invasive and easy to perform from
routinely collected samples. The cost effectiveness of these tests is counterbalanced by
their inability to detect animals at the early stages of MAP infection due to their reduced
sensitivities during the subclinical phase of MAP infection when antibody levels and fecal

shedding are low [80]. Nevertheless, at the herd level, these tests may perform well since
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the high to absolute specificity allows inference of herd infection from a single positive test

result.

6.1.2 Survival study

The results of our survival study are in line with previous research. Smith et al. [56] found
that MAP infection detected by serum ELISA and faecal occultation tests was positively
correlated with culling. In a study of nearly 8,000 cows in 38 US dairy herds, they found
that cows with positive serum ELISA tests were 1.8 times more likely to be removed from
the herd compared to their ELISA negative counterparts [54]. This value is very close to
my estimated HR of around 2. In a previous study in a Hungarian dairy herd of 900 cows,
MAP ELISA positive cows also had higher culling and mortality rates than their

seronegative counterparts [52].

The present study focuses on the expected survival time from PTBC ELISA testing to
culling. Since the infection precedes serological testing, the survival time from infection is
not known. Thus, the research does not answer the theoretical question of how much
earlier PTBC-positive individuals are culled relative to the time of infection. A further
limitation is that the positive and negative cow groups do not coincide with the group of
truly infected and truly uninfected cows due to the low sensitivity of the ELISA test. This

means that the true difference is likely to be larger than the detected risk difference.

6.2 Discussion of the methodology
6.2.1 Prevalence study
6.2.1.1 The applications

| presented a novel Bayesian modeling approach for disease prevalence that accounts for
the hierarchy of data and the correlation at subgroup level. The proposed methodological
innovation fits well into the existing literature as generalization of the well-established
Hanson’s and Branscum’s model [24, 25]. The correlated prevalences of the subgroups
are modelled by beta distributions within the same framework. The use of beta distribution
to model the true prevalence of infectious diseases is widely accepted in Bayesian
methodology [32, 34, 35, 55]. In these studies, one common assumption is the
homogeneity of disease prevalence within commercial units (herds). In my approach,
subgroups are allowed to have different marginal means, and the association of the
prevalence of the subgroups within the same herd is accounted for through correlated

random herd effects. The correlation coefficient is estimated from the model. Modelling
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subgroup level correlated prevalence by beta distributions allows estimating subgroup

means and gives new insights into their interrelation.

This method is designed to estimate the mean prevalence, while also allowing for
convenient calculation of the median. For methods directly modeling the median, the
calculation of the mean estimate is in general a lengthy, cumbersome procedure. Median
and mean can highlight different aspects of the posterior distribution and, when used
together provide a natural measure of skewness. Subgroup means can be summarized
into a meaningful weighted population average. The concept of mean is familiar to end-
users; the interpretation of the results is seamless. The posterior distributions from the
model offer the possibility to compute various additional measures from MCMC iterates

and via simulation techniques.

Both the susceptibility of animals to PTBC infection and the detectability of infection are
age-dependent [18]. The parity used as a subgroup in the model is a natural categorization
of the cows and is strongly correlated with the age of the animals. The breakdown of the
herd by parity results in more or less homogeneous groups with highly different infection
prevalence. It is defined by important milestones in a cow’s life and is compatible with herd
management categories. The probability of a positive ELISA test result is two to three times
lower for primiparous cows than for multiparous [78, 118]. With the novel methodology, it

is possible to give more insight into PTBC status of the country at the level of parity groups.

In individual herds, for specificities close to 1, the ratio of apparent to true prevalence
depends primarily on the sensitivity of the test according to relation (4.21) [1]. To examine
the ratio of apparent to true prevalence, we also need to take into account the age
dependence of sensitivity as described by the Meyer formula [17]. The vast majority of
primiparous cows are 2-3 years old and the age variance is low, so the sensitivity in this
category is relatively stable. Although age variance is higher for multiparous cows,
sensitivity at higher ages is less dependent on age variation and heterogeneity according
to the Meyer formula [17]. Therefore, the relationship between true and apparent
prevalence is linear and stable and can be well estimated. Fitting a linear regression is

theoretically appropriate.

For the international model, prior distributions were defined according to the following
principles. Ideally, such priors are informed by posterior results from previous studies.
Hungary and Denmark have published posterior distributions from PTBC prevalence
studies using milk ELISA test (section 5.1), [106]. For these two countries, posterior HTP

and CWHP distributions were directly used as prior along with the age-dependent
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sensitivity and constant specificity values from the Hungarian study. For the other four
regions, where only serum ELISA test results were available, HTP and CWHP priors were
derived from published expert elicitation [34, 35, 106, 107]. Consequently, the resulting

posterior distributions may suggest bigger uncertainty than observed in the reality.

For the variance of the random herd effect and additive random parity effects, | initially
derived priors from region-specific expert elicitation, but this led to unrealistically high
variance estimates and consequent shrinkage toward the mean in some regions. To ensure
greater accuracy in the estimates, | used the posterior distribution obtained from the
Hungarian study as the prior distribution. While this is a limitation of our approach, it is
important to note that assuming the same prior of the variance of the random effects does
not imply the same posterior variance of the within-herd animal level prevalence across all
regions. The posterior variance of the CWHP also depends on the regional mean of CWHP

and the observed data of the target herd.

An age-dependent fixed value was applied for the sensitivity of the diagnostic test, together
with a fixed value for its specificity. Using prior distributions instead of fixed values may
result in unstable or biased estimates and may lead to an unidentifiable model. The use of
fixed values is confirmed by detailed sensitivity analysis for the possible range of Se and

Sp, based on available published values.

Combined with high-quality local data and prior information, the international model serves
as a robust and adaptable framework to support evidence-based decision making at the
herd level. The novelty of the method is the estimation of both the probability and the Bayes
factor of infection of the target herd, combined with the estimation of infection prevalence
within homogeneous subgroups of the herd, specifically parity groups. The approach can
be readily generalized to other types of subgroups, such as different breeds, lactation

stages, housing pens, or health status.

The methodology used in the prevalence study is the direct application of a novel class of
models, the Distribution based marginalized multilevel models. The modeling process

illustrates well the merits of the methodology.

6.2.1.2 The added value of Distribution based marginalized multilevel
models

The general dispersion modelling framework (4.7) provides great flexibility in the analysis

of the variances and correlations of cluster-specific random effects. The role of the random
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effects in the model can be assessed and interpreted by examining the standard deviations
of the (appropriately transformed) conditional, cluster specific means, evaluated at certain
values of the marginal means and possibly other parameters of the DMMM. The
decomposition of the total marginal variance of the outcome into the mean of the conditional
variance plus the variance of the conditional mean (4.8) offers another way to assess the
weight and importance of the cluster specific random effects relative to the observed

outcome data.

The Pearson correlations of the random effects quantify the linear association between
them. From these, the maximal correlations [97], or conceptually equivalently, the normal
scoring dependence measures [93, 96] between the conditional means (4.2) can be
established. They show the strength and direction of monotonic relationship between the

conditional means.

| investigated the relationship between conditional and marginal means, examining how
the conditional means change within a cluster as the marginal means change. This
difference generally depends on the random effect, but under certain conditions, the
conditional means can be transformed so that their difference locally approximates the
change in the marginal mean. The transformation eliminates the heterogeneity of
magnitudes attributable to the common random effect from the difference of the
transformed conditional means. Consequently, the differences of the transformed
conditional and the corresponding marginal means can be compared without respect to the
actual magnitude of the common random effect. The transformation pulls the difference in
the conditional means towards the difference in the marginal means. This is an approximate
decomposition of the transformed conditional mean into the sum of the marginal mean and
the transformed cluster-specific random effect. Based on this decomposition, a factor of
proportionality reflecting the relative changes of transformed conditional and marginal
means was introduced. If the marginal mean is a monotonically increasing and
differentiable function of a linear predictor, then the cluster-specific means can be
approximated by generalized linear model with random effect, and the marginal means by
a generalized linear model, both having the same link function and covariates. In the two
models, the ratio of the coefficients or intercepts of the fixed effects is the factor of
proportionality. If the coefficient of the induced conditional model is greater/smaller than
the coefficient of the induced marginal model means that the association between the
covariate and the outcome is more/less pronounced within clusters than marginally at the

population level.
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The DMMM is a novel, innovative modelling technique appropriate to calculate the true,
underlying population level and herd-level mean prevalences of relevant within-herd
subgroups, taking into account the hierarchical structure of the data. This method sheds
light on the interrelation of subgroup prevalences and enables us to determine whether,
and to what extent, the effect of model covariates is more pronounced at the population or

herd level.

6.2.2 Survival study

Latent variables are not observed or measured directly; their values are inferred from other
observed variables. They are concepts or constructs having a potential effect on some
observed variables. In complex hierarchical models, random cluster or subject effects are
represented by latent variables. These variables are part of even the most basic statistical
models, e.g. the ordinary linear regression - although they are rarely mentioned as latent
variables in this context; the unexplained, random sampling variation incorporates the
effect of unknown, unmeasured or just overlooked variables on the outcome. Individual
values of the latent variables are of secondary interest, and usually we model only their
variance. Cluster-level latent variables account for the association of the observations
within the same cluster [119, 120].

The heterogeneity of the data (represented by individual or cluster level latent variables)
can be handled using marginal models, conditional models and the mixture of them (MMM).
Although these modelling strategies serve a common purpose, they have different targets
of inference thus the interpretation of their results is different. The choice between these

options should be made according to the research question, on subject-matter grounds.

The marginal estimate is adequate to support country or region level infection-control
decisions but cannot be used to draw conclusions for herds or for individual animals. In
mixed models for clustered data, within-cluster correlation is related to cluster-level random
effects. The values of the individual random effects are of secondary interest and usually
not inferred, thus we only model their variance. The heterogeneity between clusters is
captured by the spread of the random effects. In the context of survival analysis random
effects are called frailties, which act multiplicatively on the hazard. The estimated variance
of the logarithmically scaled random effects is a measure of the unobserved heterogeneity
of the clusters. By including the frailty terms, we incorporate the implicit correlation structure
of the data into the survival model. The estimate from the frailty model is a conditional

estimate, which can be interpreted both at a herd and at a cow level, meaning that a
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randomly selected ELISA positive cow has a 2.03 times higher hazard to be culled than a

randomly selected ELISA negative cow from the same herd.

The stratified Cox model [111] is an extension of the Cox proportional hazards model that
handle heterogeneity by stratification. Observations are grouped into strata according to
the levels of all possible combinations of selected categorical variables. The equation of
the general Cox model is specified separately for each stratum, with different baseline
hazard functions but the same coefficients across strata. Thus, the resulting HR would be
the same for each stratum. This model accounts for the heterogeneity between strata by
allowing different baseline hazard functions for each stratum. Additionally, stratification
covariates do not have to satisfy the proportional hazard assumption. The estimation is
done by maximizing the product of stratum-specific partial-likelihood functions. Baseline
hazards are nuisance parameters and are cancelled out. The resulting HR — although its
value is the same in each stratum — will be conditional on the strata. The terminology for
this is unadjusted HR, in contrast to a crude HR from a model without stratification and to

an adjusted HR (aHR) from a model including additional covariates as adjusting factors.

Baseline hazard functions in a stratified Cox analysis show a strong analogy to latent
variables in mixed models, though their effect is not condensed into a sole random number
from a prespecified distribution, but is described by an arbitrary function. Baseline hazard
functions are nuisance parameters which cancel out from the likelihood. These functions
can be estimated, but the estimation is usually not effective. The resulting HR estimates
can be interpreted at stratum level. That said, the stratified Cox model can be considered
as a conditional model. The HR estimate is adjusted for matching factors, and it means that
a randomly selected ELISA positive cow has a 2.13 times higher hazard to be culled than

a randomly selected ELISA negative cow from the same herd and from the same age

group.

While generally, the stratified Cox regression uses covariate-based strata to relax the
proportional hazard assumption, here | used the individual layers to allow for different
baseline hazard function for all subjects. The special, stratified Cox methodology with

individual level strata was inspired from one of my human epidemiological studies [121].

In this epidemiological research, | used data from linked nationwide Danish registries to
conduct a cohort study of the association between herpes zoster (HZ) and dementia during
1997-2017 [121]. The risk of dementia in patients older than 40 years who were first
diagnosed with HZ (case group) was compared with that of a random control group

matched 1:5 for sex, year of birth and date of diagnosis, selected from the general
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population. | identified 247,305 people with HZ and 1,235,890 matched comparators.
Based on our directed acyclic graph, a large number of possible baseline confounders were
identified. Follow-up started on the day of the patient's HZ diagnosis in the case group, for
both patients and their matched 5 controls who had not yet undergone HZ at the start of
follow-up. Patients were followed until the earliest of the following: first diagnosis of
dementia, death, emigration, or end of the study (December 31, 2017). People in the
comparison cohort who were diagnosed with HZ during follow-up were censored and
included in the HZ cohort (with their own matched comparators) at the time of diagnosis.
They contributed follow-up time to the comparison cohort until the date of HZ diagnosis and
to the exposed cohort afterwards. This decision was based on an important lesson learned.
Several prior studies [122—125] may have been affected by selection bias, with unknown
magnitude or direction. In these studies, follow-up began at the start of the study period or
on the diagnosis date for people with HZ, whereas comparators were selected from a
population without HZ at any time during the study period. This sampling technique, which
conditions on future information on the absence of HZ, may have selected people who were
disproportionally healthy (and therefore less likely to develop HZ) or who died during the
study period (and therefore had less chance to develop HZ), both of which would affect
dementia risk. Cohorts were characterized by covariates and accumulated person-time. To
account for the correlation within the same matching set (strata) | used stratified Cox
regression to compute unadjusted HRs with 95% Cls for the HZ cohort compared with the
matched comparison cohort. Because visual inspection of log-log plots showed that curves
crossed or merged after 6-12 months of follow-up for most comparisons, | divided the

follow-up period into 0-1 year and >1 year after the index date.

The human study served as a model for the survival study of the cows in terms of the
methodology, of the solutions to possible complications and of the type of results the
method can provide. The special methodology was validated on a large dataset, with a
considerable set of confounders and on complex epidemiological questions. To my
knowledge, this method is so far unknown in veterinary science. The experiences from this
human study pave the way for using this innovative methodology on big databases and

complex questions in veterinary science.

The stratified Cox methodology with matched exposed and control patients is an effective
tool to fit conditional, subject specific survival models to time-to-event data. Although a few
electronic databases of time-to-event veterinary data exist, to my knowledge, this approach

has not yet been applied in veterinary science.
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7 Conclusions

7.1 Major conclusions

The awareness of the difference between the apparent and the true prevalence is key in
the control of infectious diseases. Bayesian methods can be used to estimate the true
prevalence, helping decision-makers assess the production losses caused by the infection
and develop appropriate preventive and control measures. The complex hierarchical
structure of the data requires a new modeling approach that allows inference of correlated
subgroup means within economic units. In response to this need, the DMMM framework is
a useful novel tool for prevalence estimation providing simple and flexible control over the

marginal and conditional means.

The synergy of DMMM and Bayesian methodology is innovative and forward-looking while
at the same time fitting well into the proven framework led by Hanson, Branscum and
McAloon. Incorporating correlated within-herd subgroup prevalences allows us to estimate
various measures characterizing the interrelation of the prevalences in important
subgroups. This is a powerful tool providing easily interpretable subgroup-level mean
estimates. Allowing for a direct, distributional representation of subgroup level prevalences,
this approach is also convenient to use as a basis for the calculation of further measures.
For instance, the conditional estimates can be summarized into population means with
simple weighting. Median and other characteristics of interest are easy to infer from

posterior distributions.

The application of the method to estimate the prevalence of PTBC in Hungary illustrate the
implementation and the merits of the novel methodology. The use of the new methodology
along with a more recent and uniquely large dataset and historical priors confirm and refine

the results of the latest PTBC screening in Hungary.

The Bayesian model provides an estimate of the true within-herd prevalence of infection in
primiparous and multiparous cows for individual herds. To the best of my knowledge, this
is the first Bayesian model for estimating the true PTBC infection at the level of correlated
subgroups within an individual herd in Hungary using priors from a national PTBC survey.
Based on the results of the model, | described a straightforward method for estimating the
true prevalence for situations in which practitioners do not have the opportunity to run the
model. The international model’s potential utility for prevalence estimation and infection

status inference was also demonstrated across diverse regional settings.
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The culling data (survival dataset) are time-to-event data; thus, the use of survival analysis
is appropriate when modelling the relationship of seroprevalence and culling. The stratified
Cox model with individual observations as strata can be considered analogous to the

DMMM, providing at the same time conditional and quasi-population level estimates.

The results of the applications showed that PTBC infection is present in almost every herd
in Hungary. Therefore, setting up an obligatory, routine control-program is desirable. The
strategy of infection status reassessment and the choice of control measures should be
based on the prevalence of the disease. The true, underlying prevalence was proven to
markedly differ from the apparent prevalence. The proposed methodological innovations

could provide a framework for assessment of the infection status of the country.

According to our results, there is substantial heterogeneity of the PTBC prevalence at herd
level, there can be herds with particularly high infection level. Thus, the PTBC prevalence
of the individual herds is also important to estimate. The online application we provide, and
the thumb rules are quick and easy tools to estimate the true prevalence based on test

results.

The two times culling risk of the seropositive cows — even if the ELISA test results are not
known to decision makers — show that these cows present a risk to the cost-effective
operation of the farm. Careful consideration of pros and cons should be given upon

deciding on keeping these animals in the herd.
7.2 Future directions, suggestions

Applied to a region or to a country, the proposed hierarchical modeling framework for
estimating PTBC prevalence in dairy cattle - taking into account both herd-level and within-
herd parity group structure - facilitates animal health management decision-making at the
national level. It paints a clearer picture on the country’s infection status and helps to adopt
an adequate surveillance strategy. It lays down a methodological foundation for regularly
assessing screening results and for evaluating the efficiency of control measures. Future
prevalence studies could consider incorporating other locally relevant factors such as
climate, production type, breed, age group, genetic markers, or cohabiting species into the

model, to improve fit and to better reflect real-world observations.

The model for estimating the true infection prevalence of subgroups in individual herds
along with the downloadable tool and the rule of thumb are a valuable tool for practitioners
to evaluate the position of their herd’s infection level within the country and to understand
within-herd dynamics of the infection. Based on the results, they can reshape management

practices likely to favor the spread of infection. Raising the awareness of the difference
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between apparent and true prevalence of the practitioners not only supports decision

making but could largely contribute to the success of a national-level control program.

DMMM, the novel methodological framework is a flexible and broadly applicable tool. While
it was originally inspired by the problem of prevalence estimation of PTBC in dairy cattle, it
holds considerable potential for wider use. First, it could be applied to other livestock
species such as sheep, goats, or pigs, and extended to different infectious diseases where
hierarchical or nested sampling structures are common. These might include mastitis,
bovine viral diarrhea, or respiratory conditions. Furthermore, the model lends itself to
application in other countries, allowing for cross-country comparisons of prevalence under
varying herd structures, management practices, or diagnostic protocols. The method is also
relevant beyond veterinary diagnostics, in public health and epidemiology, where nested
data structures — such as female and male patients within hospitals and across the country
—are common. In addition to the applications where misclassification is due to the imperfect
diagnostic tests, the framework could be used to evaluate the validity of disease records
found in veterinary or human health registries, where misclassification can happen due to

diagnostic or administrative errors.

With technological advances, tracking data is now also available in veterinary medicine.
Survival analysis is the sine qua non of the adequate analysis of time-to event data. It is a
versatile tool that can be used to analyze mortality, assess the risk of an event, predict the
prognosis of a disease and identify factors that influence the above. Thus, it is important to
promote the use of its various methods in veterinary medicine. Survival analysis methods,
while well-established in human medicine, remain underutilized in veterinary science but
offer significant potential benefits. These techniques can be particularly valuable for
analyzing time-to-event data such as time to disease onset, treatment failure, or death in
animals. Unlike traditional methods, survival analysis appropriately handles censored data
— cases where the event has not occurred by the study’s end — which is common in

veterinary studies due to follow-up loss or study duration limits.

Advanced survival models, including marginal, frailty or stratified Cox proportional hazards
models accounting for clustered data typical in veterinary epidemiology (e.g. animals
nested within farms or geographic regions) can provide deeper insights into disease
dynamics, risk factors, and treatment effects in animal populations. Integrating these
underused methodologies into veterinary research and practice promises enhanced

disease control strategies and better animal health outcomes.
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Although stratified Cox models are widely used in human epidemiology, they use with
individual-level strata is scarce and to my knowledge there are no previous veterinary
applications of this kind at all. Stratified Cox proportional hazards models with individual-
level strata offer a powerful tool for analyzing time-to-event data when there is
heterogeneity across subjects that cannot be fully captured by measured covariates. In this
approach, each individual is treated as a separate stratum, allowing the baseline hazard
function to vary between strata while assuming that the effects of explanatory variables
(e.g. infection status, seroprevalence or treatment) are constant across them. By stratifying
on individual-level units, the model controls for these baseline differences, thus reducing

bias.

Finally, by integrating survival analysis methods with Bayesian latent class prevalence
modelling, researchers could assess the true impact of the infection - rather than the impact
of the seroprevalence - on economic outcomes such as productivity, fertility, or treatment

costs.

These potential extensions highlight the versatility of the methodology used in the present
study and its promise as a valuable tool in both veterinary science and broader biomedical

research.
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8 New and novel scientific results

1. | introduced a new class of models, the Distribution based marginalized multilevel
models. This framework provides easily interpretable marginal and conditional

estimates and gives new insight into the interrelation of subgroups.

2. |illustrated the use of the new framework by modeling the prevalence of PTBC infection
in Hungarian dairy cattle herds. | consolidated previous findings using a recent,
extensive dataset and historical priors. While the apparent HP was 96.6% based on
ELISA test result, mean HTP was estimated to a lower level of 92.5% (95% Crl: 88.0%;
96.1%). Mean CWHP was estimated to 8.4% (6.6%; 10.4%) for primiparous and 15.8%

(13.5%; 18.4%) for multiparous cows, in contrast with 3.3% and 8% of AP, respectively.

3. | modelled PTBC prevalence in parity groups within individual herds and developed a
rule of thumb for simple estimation of true prevalence. The true prevalence can be
expressed as 1.6 times the apparent prevalence for primiparous cows and 1.5 times
for multiparous cows. The model can be customized for any international region using

local data and prior information.

4. | fitted a special stratified Cox regression model to human data to examine the effect of
herpes zoster on dementia. Building on the lessons learned from that study, | adapted
this technique to the veterinary field and performed a survival analysis to assess the

impact of PTBC infection on the longevity of Hungarian dairy cows.
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11 Appendix

11.1 International model

11.1.1 Tables

Table A1. Mean size of dairy cattle herds reported in the literature and the size of herds
used in the region-specific synthetic data.

Herd Size

Region Mean Herd Size ' (Synthetic Data) Source
Denmark 195, 205, 208 2 200 [106]
Southern ltaly 315 300 [35]
Lombardy 191 200 [126]
Veneto 100 100 [127]
Chile 83 100 [128]
" Large variability. 2 Data from three consecutive years.
Table A2. Priors used along with Hungarian data.
Variable Prior Median (95th Percentile)
HTP beta(150.589, 12.250) 0.927 (0.955)
Uy beta(65.700, 715.900) 0.084 (0.101)
U beta(134.195, 716.181) 0.158 (0.179)
a? inverse gamma(37.030, 4.620) 0.126 (0.167)
0,2 inverse gamma(5.330, 0.070) 0.014 (0.032)
0,2 inverse gamma(6.050, 0.090) 0.016 (0.034)

HTP—herd true prevalence; u;—mean conditional within-herd prevalence for primiparous cows in the region;
u,—mean conditional within-herd prevalence for multiparous cows in the region; o?—variance of the herd
random effect; o,2—variance of the parity random effect in primiparous cows; o,?—variance of the parity
random effect in multiparous cows.

93



Table A3. Priors used in the study.

Region Parameter Priors and Paramete_rs Used in Median _
the Analysis (95th Percentile)

Denmark HTP beta(425.110, 144.641) 0.746 (0.756)
Uy beta(1.770, 43.210) 0.033 (0.095)
Uz beta(3.850, 45.090) 0.073 (0.150)
Southern ltaly HTP beta(5.030, 7.040) 0.412 (0.650)
Uy beta(2.766, 46.335) 0.050 (0.118)
Us beta(6.018, 47.403) 0.108 (0.019)

Northern Italy
(Lombardy, HTP beta(13.320, 6.280) 0.686 (0.838)

Veneto)

Uy beta(1.079, 18.347) 0.041 (0.157)
Us beta(2.347, 18.788) 0.099 (0.239)
Chile HTP beta(14.200, 0.700) 0.971 (0.999)
Uy beta(12.896, 172.151) 0.068 (0.103)
Uz beta(28.061, 173.629) 0.138 (0.181)

1 HTP—herd true prevalence; u;—mean conditional within-herd prevalence for primiparous cows in the region;

u,—mean conditional within-herd prevalence for multiparous cows in the region.

Table A4. Information from the literature used to inform prior prevalence distributions of

the model [8,10,12,23 ].

Region

Distribution from the

(Source of_ Prior Variable Literature Information
Information)
Denmark HTP beta (425.11, 144.64) 0.747 (0.781) @
(posterior) CWHP beta (3.584, 45.398) 0.055 (0.16) ®
Southern ltaly HTP beta (5.03, 7.04) 0.4 (0.2)°
(prior) CWHP beta (uy,(1 — u)y) -
CWHP(u) beta (3.14, 31.7) 0.09 (0.18) ©
CWHP(y) gamma (11.16, 11.31) —
Northern faly (Lombardy, 1 beta (13.32, 6.28) 0.70 (>0.50) ®
eneto)
(prior) CWHP beta (uy,(1 — u)y) -
CWHP(u) beta (1.53, 15.69) 0.035 (<0.22) @
CWHP(y) gamma (8.81, 1.42) 0.2 (<0.30) ©
Chile HTP beta (14.2, 0.7) 0.97 (0.99) ©
(prior) CWHP beta (uy,(1 — uyp) -
CWHP(u) beta (22.2, 176.9) 0.11 (0.15) ©
CWHP(y) gamma (9.1, 4.6) 0.25 (0.30) ©

HTP - herd true prevalence; CWHP - conditional within-herd prevalence; Se

- sensitivity of ELISA test;

Sp - specificity of ELISA test; 2 - median and 95th percentile; ® - mode and 5th percentile; © - estimates based

on expert opinion: the mean prevalence is 0.09 with 95% certainty that it is not more than 0.18, where the
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expert is also confident that 90% of all herds have a prevalence less or equal to 0.35 with 95% certainty that it
does not exceed 0.45; 9 - mode and 95th percentile; © - median and 95th percentile of the distribution of 90th
percentile of the within-herd TP.

11.1.2 Derivation of priors for conditional within-herd prevalence of

subgroups used in the international model

Historical information about the distribution of herd true prevalence (HTP) and within-herd
true prevalence (CWHP) of PTBC infection were collected from the literature to obtain

informative priors. The priors from the studies of different regions had the following form:

HTP~beta(ayrp, Burp),

MCWHP ~ beta(u, (1 — ),

beta(ay,, B,), E(W) = —2
~beta(ay, B,), =—r
H w Py H a, + B,

1/)~gamma(oc¢,,8¢),E(lp) = ay X By,

where mCWHP is the mean conditional within-herd prevalence, u is the expected value,

and y is the precision parameter of the distribution of mMCWHP.

The model requires the following priors:
o Herd true prevalence: HTP ~ beta(ayrp, Burp)-

e Mean conditional  within-herd prevalence  for  primiparous  cows:
mCWHP; ~ beta(p, Y1, (1 — p1)y).

e Mean conditional  within-herd prevalence  for  multiparous  cows:
mMCWHP, ~ beta(pz, (1 — uz)2).

e Variance of the herd random effect: 62 ~inv. gamma(ay, By).
e Variance of the additive parity effect for primiparous cows:
0,2 ~inv. gamma(a,,, By, )
e Variance of the additive parity effect for multiparous cows:
02 ~inv. gamma(ay,, By, )-
The u, and u, parameters of mCWHP, and mCW HP, priors were derived from the mCWHP

prior using additional assumptions. Based on Hungarian data, the proportion of primiparous

cows (p) was assumed to be 40% and the ratio of y; and u, (R) was assumed to be 2.

Assumptions:
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e Population proportion of primiparous cows: p.

o Ratio of u; and u,: R.

E(w) = pur + (1 = puz, (A1)
B _
H1 R. (A2)
E RXE
From (A1) and (A2), we have y; = p(1—(£+R and u, = ﬁ.

11.1.3 Generation of synthetic data

The following priors were required for simulating the synthetic data:

¢ Conditional within-herd prevalence for primiparous cows:
CWHP; ~ beta(pcwnpibewnp, (1 — Uewnp1)Yewnp1)
¢ Conditional within-herd prevalence for multiparous COWS:

CWHP, ~ beta(ucwup2¥cwnpz, (1 — Uewnp2)Wcwnp2)

Ucwupr and Uecwype, Were chosen to be the mean y,and u, of mCWHP, and mCWHP,
priors, respectively. To be coherent with the model, ¥ cyyyp1 and Yoy ypo Were assigned the

Y parameters from the Hungarian study.

To model the joint infection probabilities of primiparous and multiparous cows within a herd,
| used a Gaussian copula [93] with a correlation coefficient of p = 0.89 [98]. The
construction is the following: Let Z;~N(0,1), Z,~N(0,1) with Corr(Z,Z,) = 0.89. Let U; =
®(Z;) and U, = ®(Z,), where & is the cumulative standard normal distribution function.
The joint distribution of the infection probabilities CWHP; and CWHP, of the parity groups
is derived by transforming the uniformly distributed U; and U, using the inverse cumulative
distribution functions of the respective prior distributions. Let X; = FgVIVHPI(Ul) and X, =
Fgwl,sz (Uy), where Fgwl,HR is the inverse of the beta cumulative distribution function of
CWHP. Thus, (X;,X;) are random variables with the desired marginal distributions (that of
CWHP; and CWHP,) and a joint dependence structure induced via the Gaussian copula
with p = 0.89.

11.2 Maximal correlation

Definition:

The maximal coefficient of correlation R, is defined as:
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Ry (X,Y):=sup Corr(g X)), h(Y)), (A3)
where

0< var(g(X)) < oand 0 < var(h(Y)) < o0, (A4)
Theorem 1[129, 130]:

If (X, Y) is bivariate normal then R(X, Y) = |corr(X, Y)|.

Consequence: (b; + b;1, b; + b;,) is bivariate normal, which implies that

Ry (b; + bjy,b; + b;y) = |corr(b; + by, b; + biy)| = p.

Claim:

Ry (CWHP;;, CWHP;,) = q.

11.3 Distribution based marginalized multilevel models

11.3.1 Likelihood inference

The full likelihood function related to (4.1-4.4) is

L=TIN,L;, (A5)
in which the factor of the ith subject (or cluster) equals

L; = p,(Yi1u§ (6, a;, D), ay, v;) X p(a;|D), (A6)

where p, and p denote the probability mass function or the density function according to

T T
the data types of their arguments, Y; = (Yl-l, v Yin ) 5 W = (ul?l, pfn) , Which is

T T
calculated by (1.7), 6; = (91-1, ...,Bmi) ,andv; = (vil, w1 Vin;) » 1 =1,...,N. We emphasize

that @; contains the reparameterized vectors 6;; in (A6), so both the marginal means K

and the variances of the random effects ZiT]-DZi]- are among the components of 6;;, i =

1,.,Nj=1..,n.

One possible frequentist method to estimate the model parameters is to maximize the

marginal likelihood

M= Hévz1Mi7 (A7)
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where
M;=[L;da;i=1,..,N. (A8)

A possible way to integrate out the random effects a; in (A8) is using adaptive Gauss-

Hermite quadrature.

Bayesian methods are also available for fitting the previous model. In this approach
generally the full likelihood function (A5) is used. Additionally, prior distributions are needed

for the model parameters 6;, v;and D,i =1, ..., N.

11.3.2 Comparison of conditional and marginal means

| investigated the magnitudes of conditional means relative to marginal means in DMMMs
to explore the way they are connected. | provided methods and conditions for determining
the increase or attenuation of conditional means relative to marginal means in DMMMs. |
introduced a transformation that separates the marginal and conditional effects additively
on the same scale, then | formed sufficient conditions of increase or attenuation of
transformed conditional means relative to transformed marginal means. A factor of

proportionality reflecting changes of transformed conditional and marginal means is also

introduced.

11.3.2.1 General case

Let

u=a (ZTa X (ZTDZ)‘E) (A9)

be the transformed random effect, which is uniformly distributed in [0, 1]. Throughout this
section let y, and p be two marginal means close to each other. Let 8, and 8 be the
corresponding parameters of the distribution H in (4.2), respectively, where their first
components are 6,; = |, and 6, = y, and all the other components of 8 coincides with that
of 6,. Assuming the same random effect u, we intend to compare the conditional means
ué = H-1(0,u) and u§ = H~1(8o,u).

Generally, the raw difference p¢ — g depends on u, therefore we need to construct a
transformation T7(0,x) in such a way that T(8q, 1) — T(0y, 1§) approximately does not

depend on the common random effect u, if the marginal mean p is sufficiently close to p,.
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Once we have a suitable transformation, we will be able to characterize the behavior of the
transformed conditional means. According to the theoretical result (Theorem 2), this

transformation T exists and it does not depend on u if and only if it has the form

T(89,x) = 1(8g) + m(0g) X Ty(Oy,x), (A10)

where [ and m are arbitrary real functions, and

X 62H(00,t)

To(6o,x) = — o 9,H (B0 0 (A11)
Using first order Taylor approximation, the following holds locally, in p,:
To(B0, 1) — To(80, Ho) = K — Ko (A12)

This can be interpreted as the transformation T, pulls the deviation between conditional

means towards the difference between marginal means.
Rearranging of the above difference, we get
To(80, 1) ~ 1+ (To (80, H (80, 1)) — o), (A13)

which is an approximate decomposition of the transformed conditional mean pu€ into the
marginal mean p plus the transformed conditional mean depending only on u, and the

reference parameter vector 8y = (o, ...)7.

For the transformed marginal means analogous approximate relationship exists:

ERACT)
To(Bo, 1) — T (B9, 1o) = _#92,:) X (1= Ho)- (A14)
(A14) expands to:
. _ 02H(80,10) 92H(6¢,110)
To(80, ) ~ = 520 x u+ (T (B, o) + 57 oobS x ). (A15)

From (A12) and (A14), the limit of the ratio of differences of transformed conditional means

to differences of transformed marginal means is

i To(80,u)—To(B0.15) _ _ 91H(8g,10)
P(Bo) = lim = —ToGono) 2,H(Bo.10)’ (A16)
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p(@) is a factor of proportionality reflecting changes of transformed conditional and

marginal means.

11.3.2.2 Special case when the marginal mean depends on a linear

predictor

Consider the special model in which the marginal mean (4.1) depends on a linear predictor,
w= h(XB), (A17)

where h is a strictly monotone increasing differentiable inverse link function, X is the vector
of covariates, g is the vector of coefficients, and X is the linear predictor. In this case, it is
possible a to define the transformation T in a such way that the linear approximation of the
transformed conditional and marginal mean represent a conditional generalized linear
model with random effects, and a marginal generalized linear model, respectively, with the
same link function and covariates T' (8, x) and X, where the ratio of the coefficients of each

covariate in the two models is equal to the factor of proportionality p(8,). More precisely,

T(60,1°) = —p(09)h™*(uo) + p(00)XB + T (80, H (89, 1)), (A18)
T(69, 1) = —h™*(uo) + XB, (A19)
To(09,x)p(8¢)

where T(0y,x) = W (1 ()
As T is an affine transformation, the magnitudes of the coefficients in the induced
conditional and marginal models locally reflect the relative magnitude of the differences of

the conditional and marginal means.

91H(89.x)

as a function of x is strictly concave (convex)
aZH(e()lx)

We proved mathematically that if —

everywhere in its domain, then p(6,) > 1 (< 1), i.e., the magnitudes (i.e., absolute values)
of the transformed differences of the conditional means are larger (smaller) than the
magnitudes of the corresponding transformed marginal differences (Theorem 3).
Consequently, the magnitudes of the coefficients in the induced conditional model are
larger (smaller) than the magnitudes of the corresponding coefficients in the induced

marginal model.
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11.3.3 Proofs
11.3.3.1 Proof of Theorem 1

Ry (CWHP;;, CWHP;,) = sup Corr(g(CWHPy), h(CWHP;,))=

= sup Corr(gy(b; + bi1), by (b; + biz)) = Ry (b; + by1, b; + byz) = q, where

91()=9(B..y, <CD (( - ad 2);>> ) and hy(x)=g(B}y, <CD <( : ad . )) ) respectively.

11.3.3.2 Proof of Theorem 2

N[

From the equation H (0, H™1(8, u)) = u we have by differentiating with respect to p

alH(o, H7\(8, u)) + azH(o, H7(8, u)) x 8,H1(8,1) = 0,

hence
alH(eo,H_l(Bo,u))
a,H 1o, L = . A20
" (6,u) 0 =0, 62H<00,H_1(00,u)) ( )
We have
E)HT(BO, H—l(g,u)) | o0, aZT(GO, H1(8,, u)) X 0,7 (0 |g _ g, (A21)

Suppose auT(BO,H‘l(e, u)) =m(6,) does not depend on u. From (A20) and

|e=00

(A21) we obtain
d0,H(0¢,t)
azT(eo, t) = _m(GO) X ajH(GZ,t) , (A22)

with t = H"1(8,,u). We deduce (A10) and (A11) from (A22) by integration.
Suppose now that (A10) and (A11) hold. From (A11), (A20), and (A21) we have

62H(90,H_1(9,u)) 61H(90,H_1(90,u)) B

-1 __ _
a“TO(GO’H o, u)) |0 =0, 61H(90,H_1(9,u)) % 02H(90,H_1(90,u)) =1
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and from (A10) we obtain auT(BO,H‘l(B, u)) |9 _ g. = m(89), which does not depend
=0y

on u.

11.3.3.3 Proof of Theorem 3

Assume u is distributed uniformly in the [0, 1] interval, @ = (i, ...)T,0 € 6 is a vector of

parameters of H, and p¢ = H1(6,u). We have
uw=Ep =EH1(0,u)). (A23)
Applying (A20), we have

61H(0,H_1 (e,u))
62H(0,H_1 (e,u))

|auH_1(9' u)| = - |‘71H(9.uc)

C
- 62H(9,uc)| < M(pO), (A24)

therefore, using Lebesgue's dominated convergence theorem, we can differentiate under

the expectation sign in (A23), which yields

B 3, H(60,H (B9,1)) 3,H(O C))

_ 1 — _ — _ o 0o

1= E3,H(8,u) ‘9 _o, E< 62H(90,H_1(90,u))> E( Doy, (A25)
Suppose _ 0uH(®02) is strictly concave everywhere in its domain. Then we have from

aZH(e()lZ)

Jensen’s inequality, and (A16)

_ 01H(89,Eng) _ __ 01H(8¢,10) _
1< = o) — ~ 05 — P00 (A26)

The other case is treated similarly.
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